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UNIT 1 

PProbability 

Introduction 

We often come across statements like "There is a chance that the team will win the match," 

or "The stock market may rise tomorrow." “It might rain today,” "The train is likely to arrive 

late,". In these situations, we can estimate the likelihood of each possibility, but we are unable 

to predict the exact outcome with certainty. A mathematical method for measuring this kind 

of uncertainty is provided by probability, which helps in decision-making. Before we 

formally define probability, it is helpful to understand some basic concepts related to it. 

Addition Rule (Sum Rule):  

If one event occurs in m different ways and another event occurs in n different ways and if 

both cannot occur simultaneously, then the total number of ways of occurring of one of the 

events is m + n ways. 

Ex:  If there are 3 topics in Maths, 4 topics in BEE, 5 topics in Physics for a student to do a 

project, then the number of ways of selecting a topic for doing a project is 3+4+5 = 12 

ways. 

Multiplication Rule (Product Rule):  If a task can be done in m ways, and for each of these, 

a second task can be done in n ways, then the total number of ways of performing both the tasks 

together is m x n ways. This principle can be extended to more than two tasks. 

Ex:  Suppose a person wants to go to a party. He has 3 pants, 4 shirts and 2 ties. The number 

of ways of selecting a pant, a shirt and a tie to wear for a party is 3 x 4 x 2 = 24 
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Permutation:  From a given finite set of objects or elements, selecting some or all of them 

and arranging them linearly is called linear permutation or permutation and arranging them 

round a circle is called circular permutation. 

Number of permutations of n different objects taken r at a time is given by ࢖࢔௥  =  ࢔!
!(࢘ି࢔)

 

Number of permutations of n different objects taken all a time is ࢖࢔௡  =  ݊! 

Number of permutations of n different objects taken r at a time when repetitions are allowed 
is ݊௥ 

Number of permutations of n different objects taken r at a time with at least one repetition is ݊௥ −  ݎ࢖࢔
Number of permutations of n objects of which m objects are of one kind, k objects are of 

second kind is 
௡!௞! .௠!  

 

Number of circular permutations of n objects taken all at a time is (݊ − 1)!  and   r at a time 

is 
௥ݎ࢖࢔  

Number of hanging type circular permutations of n objects taken all at a time is  (௡ିଵ)!ଶ   and r 

at a time is  
ೝଶ௥࢖࢔ . 

Combination:  Number of ways of selecting r objects from n objects without considering 
the order is called combination. It is given by ࢉ࢔௥  =   ݊!

 !ݎ !(ݎ−݊)

Note:  Permutation is the different ways of arranging a set of objects where the sequence or 

order is important. Whereas combination is a selection of objects where the order does 

NOT matter. 

A deterministic experiment is an experiment whose result is unique and can be predicted 

with certainty prior to the conduction of an experiment. 
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A probabilistic or non-deterministic or random experiment:  An experiment whose result 

is not unique and cannot be predicted with certainty even though the outcomes of this 

experiment are known in advance is called a Random Experiment. 

Ex:  If the coin is tossed, outcomes are head and tail, but cannot be predicted whether it 

would be tail or head at that moment. Such an experiment is called a random experiment. 

Trial:  A single performance of an experiment is called a trial. 

Sample space:  The set of all possible outcomes of a random experiment is called the sample 

space. It is denoted by S 

Ex:  When a die is tossed sample space is S  = {1,2,3,4,5,6} 

Event:  A finite subset of a sample space is called an Event. 

An event containing only one outcome is called an elementary event and containing more 

than one is called a compound event. 

Exhaustive events are a set of all possible outcomes of a random experiment. Exhaustive 
events are a collection of events such that together they include all possible outcomes of 
the experiment. 

Throwing a die:  

● Event A = Even numbers = {2,4,6} 

● Event B = Odd numbers   = {1,3,5} 

A and B together form exhaustive events because they cover all outcomes. 

Mutually Exclusive Events:  Two or more events are said to be mutually exclusive events 

if the occurrence of one of the events prevents the occurrence of any of the remaining events. 

Ex:  In tossing a coin, the events heads and tails are mutually exclusive 

Equally likely events:  Two or more events are said to be equally likely if there is no reason 

to expect one in preference to others. 
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Equally likely events are events that have the same chance (probability) of occurring. 

Ex:  In tossing a coin, getting head or tail are equally likely  

Certain or Sure Event:  An event which always happens is called a Sure event. 

Ex:  In tossing a coin, getting head or tail is a sure event 

Impossible or Null Event:  An event that never happens is called an impossible event. 

Ex:  In tossing a coin, getting head and tail is an impossible event. 

The structure of standard deck of playing cards 

 

1. Classical Definition of Probability:  If the random experiment results in n  exhaustive, 

mutually exclusive and equally likely events, and m of them are favourable for happening 

of an event A, then the probability of the happening of event A is   

(ܣ)ܲ   =  ௠௡  

݊ −݉ are not favourable for happening of event A so Probability of non happening of an 

event A is given by ܲ(ܣ஼)  =  ݊−݉݊  =  1− ݉݊  =  (ܣ)ܲ−1 

Note:  i. This definition will fail if number of outcomes are infinite and not equally likely 
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ii. In probability, for “and” we use multiplication and for “or” we use addition. 

2. Empirical Definition of Probability:  If the event A happens m times out of n trials, then 

the probability (p) of happening of an event A is given by  p = ܲ(ܣ)  =  ݈݅݉௡→ஶ௠௡  

Note:  P(Sure event) = 1 

Note:  P(impossible event) = 0 

Axioms of Probability:  

There are 3 axioms of probability 

1. If A is an event of a sample space S, then the probability of that event lies between 0 and 

1 i.e. 0≤ (ܣ)ܲ ≤ 1 

2. ܲ(ܵ)  =  1 

3. If A and B are any two mutually exclusive events of the sample space, then ܲ(ܣ ∪ (ܤ  = (ܣ)ܲ  +  (ܤ)ܲ

 Simple Probability 

 March Not-March Total 

Friday 4 48 52 

Non-Friday 27 286 313 

Total 31 334 365 

P(March) = ଷଵଷ଺ହ , P(Friday) = ହଶଷ଺ହ 
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Solved Problems 

1. Find the probability of getting no head in tossing two coins 

Sol. when two coins are tossed, sample space S = {HH, HT, TH, TT} 

Total number of cases, n = 4 and of them one is favourable, so m = 1 

So P(no heads) = ௠௡  =  ଵସ 
2. Find the probability of getting at least one head in tossing 3 coins 

Sol. When three coins are tossed, sample space S =    

  {HHH, HHT, HTH, THH, TTH, THT, HTT, TTT} 

Total number of cases, n = 8, and 7 of them are favourable, so m = 7 

 P(At least one head) = ௠௡  =  ଻଼ 
(OR) P(At least one head) =  1-P(getting no head) =   1 - ଵ଼  = ଻଼ 

3.What is the probability that a leap year will contain 53 Mondays and 53 Tuesdays? 

Sol. A leap year has 366 days = 52 weeks + 2 days. 

Those 2 days can be in any way like {SM, MT, TW, WT, TF, FS, SS} 

So total number of cases are 7 and only one is favourable for getting 53  Mondays  and 53 

Tuesdays i.e. {MT} 

So required probability = 1/7 

4. What is the probability of getting i) a red card   ii) Ace   iii) Kings from a pack of cards? 

Sol. Number of cards in a pack of cards n = 52 

i) Number of red card m = 26 
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So P(Red cards) = ௠௡  =  ଶ଺ହଶ  =  ଵଶ 
ii) Number of Aces  = m = 4 

So P(Ace card) = ସହଶ  =  ଵଵଷ 
iii) Number of kings  = m = 4 

So P(King) =  ସହଶ  =  ଵଵଷ 
5. A die is thrown. Find the probability of getting:  

a) Even number 

b) Number greater than 4 

Sol. Sample space S = {1, 2, 3, 4, 5, 6} 

Here, n = 6 

a) m = 3, since {2, 4, 6} 

So, P( getting even number) =  3/6  = 1/2 

b) m = 2, since {5, 6} 

So, P(getting Number greater than 4) =  2/6 = 1/3   

6. A batch has 10 items, 2 are defective. One item is chosen randomly. Find the probability   that 
it is defective? 

Sol. Total no of items are 10. 

Let D represents defective items, then P(D) =  ଶଵ଴  =  ଵହ 
7. An electronic device works with probability 0.8. Find the probability it fails. 

Sol.  P(failure) = 1− 0.8 = 0.2 
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8. To m letters there are m addressed envelopes. These letters are put in envelopes at random.  

i) What is the probability that all the letters are in right addressed envelopes? 

ii) What is the probability that at least one letter will go into an incorrectly addressed 

envelope? 

Sol. Total no of letters and addressed envelopes are m. Some letters can be placed in  

m addressed envelope in m! ways. 

i) But in only one way all the m letters will go into m right addressed envelopes 

So, Probability = ଵ௠!
 

ii) P(At least one letter going into incorrect addressed envelope)  = 1- P(none going into incorrect 

addressed envelope) = 1 − ଵ௠!
 

9. There are 15 objects in a bag, out of which 6 are not in a good condition. If 5 objects are 
selected at random, what is the probability that  i) no object is good  ii) only 3 are not good? 

Sol. Total number of items in a bag  = 15, 6 defective and 9 non-defective (good). 

i) P(no object is good) = 
6ܿ5

15ܿ5
 (Since selecting 5 out of 6 defective items is 6௖ఱ) 

ii) P(3 are not good) = P(3 are not good and remaining 2 are good) =  
଺೎యଽ೎మଵହ೎ఱ  (since selecting 

3 out of 6 defectives and 2 out of 9 good) 

10. In a class there are 12 boys and 6 girls. A group of 5 students is to be formed from that class.   
      Find the probability for the group to contain at least 3 girls? 

Sol. A group of 5 students can be formed from 12+ 6  = 18 students in 18௖ఱ  ways  

i.e ݊(ܵ)  =  18௖ఱ = 8598 
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Let A be the event of forming a group with at least 3 girls. So the group can have 3 girls and 

2 boys or 4 girls and 1 boy or 5 girls 

 So total no of ways of forming a committee ݊(ܣ) = 6௖యx 12௖మ+ 6௖రx 12௖భ+ 6௖ఱ = 1506 

(ܣ)ܲ =  
(ܵ)݊(ܣ)݊

=
1506
8568

= 0.175 

11. Find the probability of getting sum as 10 if we throw two dice. 

Sol. Number of possible outcomes when two dice are thrown = n(S) =  6ଶ  =  36 

Let A be the event of getting sum as 10 

Favourable outcomes are {(4,6),(5,5),(6,4)},  ݊(ܣ)  =  3 

So the probability of getting sum as 10 = ଷଷ଺  =  ଵଵଶ 
12.What is the probability of having a king and a queen when 2 cards are drawn from a pack of 
52 cards 

Sol. Total number of cards = 52 

Drawing 2 cards from 52 can be done in 52ୡଶ ways. So n(S) = 52ୡଶ 

Favourable number of cases = 4ୡଵx4ୡଵways 

Probability = ସౙభ୶ସౙభହଶ೎మ  =  ଵ଺ଵଷଶ଺ 
13. Three cards are drawn from a pack of 52 cards. Find the probability that 

i) 3 are hearts   ii) 2 clubs and 1 diamond iii) 1 heart 1 diamond and 1 club 

Sol. Drawing 3 cards from a pack of 52 cards can be done in 52ୡଷ ways,  

So n(S) = 52ୡଶ 

There are 13 hearts, 13 spades, 13 clubs and 13 diamonds 
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i) Drawing 3 hearts out of 13 can be done in 13௖య  ways. 

So, P(3 are hearts) = 
ଵଷ೎యହଶ೎మ 

ii) P(2 clubs and 1 diamond) = 
ଵଷ೎మଵଷ೎భହଶ೎మ  

iii) P(1 heart 1 diamond and 1 club) = 
ଵଷ೎భ∗ଵଷ೎భ∗ଵଷ೎భହଶ೎మ  

14. Three light bulbs are chosen at random from 12 bulbs of which 5 are defective. Find the 
probability that i) all are defective   ii) one is defective   iii) two are defective. 

Sol. Given 12 bulbs of which 5 are defective and 7 are non-defective 

Drawing 3 bulbs out of 12 can be done in 12௖య  ways, so n(S) = 12௖య 

i) P( all are defective) = P(choosing all the 3 from 5) = 
ହ೎యଵଶ೎య 

ii) P(one is defective) = P(1 defective from 5 and 2 non defective from 7)   

            =  
ହ೎భ଻೎మଵଶ೎య  

iii) P(two are defective) = P(2 from 5 defectives and 1 from 7 non defectives) 

             = 
଻೎భହ೎మଵଶ೎య  

Exercise 

1. Two bulbs are fitted in a room. Two bulbs are chosen at random from 8 bulbs having 5 

good bulbs. What is the probability that the room is lit? 

2. If 5 out of 30 tubes are defective and 7 of them are randomly chosen for inspection, what 

is the probability that one two of the defective tubes will be included? 

3. What is the probability that 2 cards drawn at random from a pack of 52 cards to be one 

king and one queen? 
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4. A number is chosen from 1 to 10. Find probability that it is:  a) Prime b) Multiple of 3 

5. A card is drawn from a standard pack of 52 cards. Find the probability that it is i) A spade 

ii ) A face card 

6. Bag A contains 4 white and 5 black balls and Bag B contains 3 white and 4 black balls. 

If a ball is drawn from each bag, what is the probability that they are both of the same 

colour? 

Answers 

1)  25/28             2) 0.261      3) 16/1326       4) 2/5, 3/10    5) 1/4, 3/13    6) 32/63 

Addition Theorem:  If A and B are any two events of sample space S, then ܲ(ܣ ∪ (ܤ = (ܣ)ܲ  + (ܤ)ܲ − ܣ)ܲ  ∩  (ܤ

Proof:  

 

 

 

From the figure ܣ ∩ ܣ, ଵܤ ∩ ܤ,ܤ ∩ ܣ .ଵ are all mutually disjointܣ ∪ = ܤ ܣ  ∪ ܤ) ∩ ܣ)ܲ (ଵܣ ∪ (ܤ  = ܣ)ܲ  ∪ ܤ) ∩ ܣ)ܲ ((ଵܣ ∪ (ܤ  = (ܣ)ܲ  + ܤ)ܲ ∩    ଵ) by Axiom iiiܣ

(Since ܤ ∩ ܣ)ܲ (ଵ and A are mutually disjointܣ ∪ (ܤ  = (ܣ)ܲ  + (ܤ)ܲ − ܣ)ܲ ∩    (ܤ

 (Since ܲ(ܤ ∩ (ܤ)ܲ  = (ଵܣ − ܣ)ܲ ∩  ((ܤ
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Addition Theorem for 3 events:  If A, B, C are the events of sample space S then 
࡭)ࡼ  ∪ ࡮ ∪ (࡯ = (࡭)ࡼ  + (࡮)ࡼ + (࡯)ࡼ − ࡭)ࡼ ∩ (࡮ − ࡮)ࡼ ∩ (࡯ − ࡯)ࡼ ∩ (࡭

+ ࡭)ࡼ ∩ ࡮ ∩   (࡯
(Hint:  Take ܤ ∪ ܣ)k, thenܲ = ܥ ∪ ܤ ∪ (ܥ  = ܣ)ܲ  ∪  use addition theorem for 2 events ,(ܭ

and substitute k Value again use addition theorem for 2 events for proving this theorem) 
 
Solved Problems: 
 
1. A card is drawn from a pack of cards. What is the probability that it is a club or an ace? 

Sol. Let S represents Sample space then n(S) = 52 

Let A, B represent clubs and aces respectively. (ܣ ∪  .represents getting a club or an ace (ܤ

(ܣ)ܲ  =  ଵଷହଶ (ܤ)ܲ,  =  ସହଶ, ܲ(ܣ ∩ (ܤ  =  ଵହଶ 

By Addition Theorem, ܲ(ܣ ∪ (ܤ  = (ܣ)ܲ  + (ܤ)ܲ − ܣ)ܲ ∩   (ܤ

ܣ)ܲ ∪ (ܤ  =   ଵଷହଶ  +  ସହଶ   − ଵହଶ  =  ସଵଷ  

2. A face recognition system fails due to Poor lighting is 0.30, Camera blur is 0.25, both 

together is 0.10. Find the probability that recognition fails due to either poor lighting or 

blur. 

Sol. Let A, B represents face recognition failing due to poor lighting and camera blur 

respectively.  ܲ(ܣ)  = (ܤ)ܲ,0.3   = ܣ)ܲ ,0.25  ∩ (ܤ  =  0.1 

By Addition Theorem,  ܲ(ܣ ∪ (ܤ  = (ܣ)ܲ  + (ܤ)ܲ − ܣ)ܲ ∩    (ܤ

P(recognition fails due to either poor lighting or blur.) = ܲ(ܣ ∪    (ܤ

                                                                                       =  0.3 +  0.25 − 0.1 =  0.45 

3. An autonomous car detects pedestrians using Camera is 0.70, Radar is 0.60, and both is 

0.40. Find probability of detection by at least one sensor. 
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Sol. Let A, B represents an autonomous car detecting pedestrians using Camera and Radar 

respectively. ܲ(ܣ)  = (ܤ)ܲ,0.7   = ܣ)ܲ ,0.6  ∩ (ܤ  =  0.4 

By Addition Theorem, ܲ(ܣ ∪ (ܤ  = (ܣ)ܲ  + (ܤ)ܲ − ܣ)ܲ ∩    (ܤ

P(pedestrian detection by at least one sensor) = ܲ(ܣ ∪    (ܤ

                         =  0.7 +  0.6  − 0.4 =  0.9  

4. In a survey it is found that 50% of the men like Tea, 40% like Coffee, 30% like Juice, 20% 

like Tea & Coffee, 15% like Coffee & Juice, 10% like Tea & Juice, 5% like all three. 

Find the probability that a person likes at least one drink. 

Sol. Let A, B, C represent men liking Tea, Coffee, Juice respectively.  ܲ(ܣ)  =  0.5, (ܤ)ܲ  = (ܥ)ܲ ,0.4   = ܣ)ܲ,0.3  ∩ (ܤ  = ܤ)ܲ ,0.2  ∩ (ܥ  = ܥ)ܲ ,0.15  ∩ ܣ)ܲ ,0.1 = (ܣ ∩ ܤ ∩  0.05 = (ܥ

From the addition theorem for 3 events, we have 

ܣ)ܲ ∪ ܤ ∪ (ܥ = (ܣ)ܲ  + (ܤ)ܲ + (ܥ)ܲ − ܣ)ܲ ∩ (ܤ − ܤ)ܲ ∩ (ܥ − ܥ)ܲ ∩ (ܣ + ܣ)ܲ ∩ ܤ ∩   (ܥ
P(person likes at least one drink)  = ܲ(ܣ ∪ ܤ ∪    (ܥ

      = 0.5 + 0.4 + 0.3 − 0.2 − 0.15 − 0.1 + 0.05 =  0.8  

5. Three students A, B, C are in the running race. A and B have the same chance of winning 
and each is twice as likely to win as C. Find the probability that A or C wins. 

Sol. Given ܲ(ܣ)  = (ܣ)ܲ ݀݊ܽ (ܤ)ܲ   = ܣ and  (ܥ)2ܲ  ∪ ܤ ∪ = ܥ  ܵ = sample space. 

 We know that ܲ(ܣ) + (ܤ)ܲ + (ܥ)ܲ  =  1 

(ܥ)2ܲ   + (ܥ)2ܲ + (ܥ)ܲ  =  1 

(ܥ)5ܲ    =  1 

(ܥ)ܲ    = (ܣ)ܲ ,1/5   = (ܤ)ܲ   =  2/5 
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  So, ܲ(ܣ ∪ (ܥ  = (ܣ)ܲ  +  .Since A and C are mutually exclusive  (ܥ)ܲ

ܣ)ܲ   ∪ (ܥ  =  2/5 +  1/5  =  3/5 

6. The Probability of horse A winning the race is 1/5 and that of horse B winning the same 

race is 1/4. What is the probability that  i) either of them will win  ii) none of them will 

win. 

Sol. A and B are two horses. Given ܲ(ܣ)  = (ܤ)ܲ, 1/5   =  1/4  

i) P(either of them will win) = ܲ(ܣ ∪  (ܤ
          = (ܣ)ܲ  +   (Since A and B are mutually exclusive) (ܤ)ܲ
          = 1/5 +  1/4  =  9/20 

ii) P(none of them will win) = 1- P(At least one or either of them will win)  
                                              =  1 − 9/20 =  11/20  
 
7. An integer is chosen at random from the first 100 positive integers. What is the probability 

that the integer chosen is divisible by 4 or 5 ? 

Sol. Let A and B represent an integer chosen that is divisible by  4 and 5 respectively.  

Here ݊(ܵ)  = (ܣ)݊  100   =  ଵ଴଴ସ  = (ܤ)݊,25   =  ଵ଴଴ହ  =  20, , ܣ)݊ ∩ (ܤ  =  ଵ଴଴ଶ଴  =  5  since LCM(4,5) = 20, ܲ(ܣ)  =  ௡(஺)௡(ௌ)
 =  ଶହଵ଴଴ ܲ(ܣ ∪ (ܤ  = (ܣ)ܲ  + (ܤ)ܲ − ܣ)ܲ ∩ ܣ)ܲ  (ܤ ∪ (ܤ  =  ଶହଵ଴଴ + ଶ଴ଵ଴଴ − ହଵ଴଴  =  ସ଴ଵ଴଴  =  0.4  

 

8. The probability that a student passes in the Data structures examination is 2/3 and the 

probability that he /she will not pass in the Java examination is 5/9. The probability that 

he/she will pass in at least one of the examinations is 4/5. Find the probability that he /she 

will pass in both the examinations.  

Sol. The probability of passing in Data structures P(DS) = 2/3 

The probability of passing in Java P(J) = 1-5/9  = 4/9 

Probability of Passing at least one of these examination = P(DS U J) = 4/5 

   P (DS U J) = P (DS) + P (J) – P (DS ∩ J). 
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4/5 = 2/3 + 4/9 - P (DS ∩ J). 

P (DS ∩ J) = 2/3 + 4/9 - 4/5 = 14/45. 

The probability of passing both examinations P (DS ∩ J) = 14/45 

9. A committee of 5 is chosen from a group of 8 men and 4 women. What is the probability 

that the group contains a majority of women? 

Sol. There are 12 people. Among them we have to choose 5 such that the majority would be 

women. Given there are 8 men and 4 women.  Hence the possible selection of men and 

women will be either 1 man and 4 women or 2 men and 3 women. 

P(1M and 4 W) = (8௖భ×4௖ర)/(12௖ఱ ) = 8/792  

P(2M and 3 W) = (8௖మ×4௖య)/(12௖ఱ ) = 112/792 

Therefore the probability of selecting 5 people is 8/792 + 112/792 = 5/33 

Exercise-2 

1.  In a network system, Probability of server failure is 0.25, Probability of database failure 

is 0.2 and probability of both failures is 0.1 then Find the probability that either system 

fails. 

2.  In a speech recognition system, Probability that a word is misclassified due to accent is 

0.25, Probability that a word is misclassified due to background noise is 0.15 and 

Probability of both happening simultaneously is 0.10.  What is the probability that a word 

is misclassified due to either accent or noise? 

3.  In a robot vision system, Probability that the camera detects an object is 0.6, probability 

that LiDAR detects the object is 0.55 and Probability both detect is 0.35 then what is the 

probability that the object is detected by at least one sensor? 

4.  In a college, 70% students play cricket, 50% play football and 30% play both. Find the 

probability that a student plays at least one sport. 
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5. A card is drawn from a standard deck of 52 cards. Find the probability that the card is a 

spade or a queen. 

6. The probability that the contractor will get a painting contract is 0.7 and the probability 

that he would not get an electric contract is 0.2. The probability that he will get at least 

one of the contracts is 0.9 then what is the probability that he will get both the contracts? 

Answers 

1) 0.35   2) 0.3    3) 0.8    54) 0.9    5) 4/13  6) 0.6 

Conditional Probability:  If A and B are any two events of the sample space S, then 

happening of A after the happening of event B denoted by (B/A) and happening of B 

after the happening of A denoted by (A/B) are called conditional events and their 

corresponding probabilities are called conditional probabilities. 

(ܤ/ܣ)ܲ  =  
ܣ)ܲ ∩ (ܤ)ܲ(ܤ

(ܤ)ܲ, > 0 

(ܣ/ܤ)ܲ  =  
ܣ)ܲ ∩ (ܣ)ܲ(ܤ

(ܣ)ܲ, > 0 

Multiplication Theorem:  If A and B are any two events of sample space S, then 

ܣ)ܲ          ∩ (ܤ  =  (ܤ/ܣ)ܲ.(ܤ)ܲ or (ܣ/ܤ)ܲ.(ܣ)ܲ 

Independent Events:  If the occurrence of one event does not influence the occurrence of 

the other, then the two events A and B are said to be independent of each other otherwise 

dependent. 

Events A and B are said to be independent if ܲ(ܣ ∩ (ܤ  =  (ܤ)ܲ.(ܣ)ܲ  

Equivalent form ܲ(ܤ/ܣ)  = (ܣ/ܤ)ܲ ݀݊ܽ (ܣ)ܲ    =   (ܤ)ܲ 

Note:   If A and B are independent events, then  

 ஼ are independent eventsܤ  ݀݊ܽ  ܣ ●

 are independent events  ܤ ݀݊ܽ ஼ܣ ●
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 ஼ are independent eventsܤ ݀݊ܽ  ஼ܣ ●

Ex. Throw a die twice. Let A = {max is 2} and B = {min is 2}. Are A and B independent? 

 Sol. First list out A and B:  

  A = {(1, 2), (2, 1), (2, 2)}, 

  B = {(2, 2), (2, 3), (2, 4), (2, 5), (2, 6), (3, 2), (4, 2), (5, 2),(6, 2)}. 

Therefore, the probabilities are 

P[A] = 3/36, P[B] = 9/36,   and P[A ∩ B] = P[(2, 2)] = 1/36, 

Clearly, P[A ∩ B]   ≠  P[A]P[B] and so A and B are dependent. 

Note:  Drawing Cards with replacement gives independent events and without replacement 

gives dependent events. 

Solved Problems 

1. If P(A)  =  3/8, P(B)  =  1/3 and P(A ∩ B)  =  1/4. Find  i) P(Aେ )  ii) P(Bେ )   
iii) P(Aେ ∪ Bେ )iv) ܲ(ܣ ∪ ∩ ஼ܣ)ܲ(v ,(ܤ  (ܣ/ ஼ܤ)ܲ (ix  (ܣ/ܤ)ܲ (vii  (ܤ/ܣ)ܲ (஼ )  viܤ

Sol   ܲ(ܣ஼ )  =  1 − (ܣ)ܲ  =  1 − 3/8 =  5/8 

( ஼ܤ)ܲ   =  1 − (ܤ)ܲ  =  1 − 1/3 =  2/3 

∪ ஼ܣ)ܲ  ܣ)ܲ =  ( ஼ܤ ∩ ஼(ܤ  =  1 − ܣ)ܲ ∩ (ܤ  =  1 − 1/4 =  3/4 

ܣ)ܲ  ∪ (ܤ  = (ܣ)ܲ  + (ܤ)ܲ − ܣ)ܲ ∩ ܤ  =  3/8 + 1/3 − 1/4 =  11/24 

∩ ஼ܣ)ܲ  ܣ)ܲ = ( ஼ܤ ∪ ஼(ܤ  =  1 − ܣ)ܲ ∪ (ܤ  =  1 − 11/24 =  13/24 

(ܤ/ܣ)ܲ   =  ௉(஺∩஻)௉(஻)
 =  ଵ/ସଵ/ଷ  =  3/4 

(ܣ/ܤ)ܲ   =  ௉(஺∩஻)௉(஺)
 =  ଵ/ସଷ/଼  =  2/3 
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(ܣ/ ஼ܤ)ܲ    =  ௉(஺∩஻಴ )௉(஺)
 =  ௉(஺)ି௉(஺∩஻)௉(஺)

 =  1 − ௉(஺∩஻)௉(஺)
 =  1 − 2/3 =  1/3 

2. A data science team is working on a model to predict whether an  email is spam or not. 
They are using two independent features:   The presence of the word "offer“ (Feature A) 
and the presence of  a suspicious link (Feature B). The probability that an email contains 
the word offer“ (Feature  A) is 0.6. The probability that an email contains a suspicious 
link (Feature  B) is 0.4. 

a) What is the probability that an email contains both the word "offer" and a suspicious 
link? 
b) What is the probability that an email contains either the word "offer" or a suspicious 
link or both? 
c) What is the probability that an email contains neither the word "offer" nor a suspicious 
link? 

Sol. Given ܲ(ܣ)  = (ܤ)ܲ,0.6   =  0.4 

 a) P( email contains both the word "offer" and a suspicious link) = ܲ(ܣ ∩  (ܤ

  Since the events A and B are independent,  ܲ ܣ) ∩ (ܤ  = (ܤ)ܲ.(ܣ)ܲ    =  0.6ܺ0.4 =  0.24 

 b) P(email contains either the word "offer" or a suspicious link or both) = ܲ(ܣ ∪ ܣ)ܲ (ܤ ∪ (ܤ  = (ܣ)ܲ  + (ܤ)ܲ − ܣ)ܲ ∩ (ܤ  =  0.6 + 0.4 − 0.24 =  0.76  

 c) P (email contains neither the word "offer" nor a suspicious link) = ܲ(ܣ஼ ∩ ∩ ஼ܣ)ܲ  ( ஼ܤ ܣ)ܲ = ( ஼ܤ ∪ ஼(ܤ  =  1 − ܣ)ܲ ∪ (ܤ  =  1 − 0.76 =  0.24 

3. Two balls are drawn one after the other from a bag containing 10 red, 30 white, 20 blue 

and 15 black balls with replacement being made after each drawing. Find the probability 

that   i) both the balls are white  ii) first ball is red and second is white  iii) neither is black 

Sol. Total number of balls = 10+30+20+15 = 75,  ܲ(ܴ)  =  10/75,ܲ(ܹ)  = (݈ܤ)ܲ,30/75   = (ܤ)ܲ,20/75   =  15/75 
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 i) P(both the balls white) = (1ݓ ∩ (2ݓ  = (2ݓ)ܲ.(1ݓ)ܲ   =  ଷ଴଻ହ.ଷ଴଻ହ (Since the chance for 

first ball to be white is ଷ଴଻ହ, again after replacement of first ball , chance for second ball to 

be white is also ଷ଴଻ହ 
 ii)P(first ball is red and second is white) = ܲ(ܴ ∩ܹ)  =  ܲ(ܴ).ܲ(ܹ)  =  ଵ଴଻ହ X ଷ଴଻ହ  =  ସ଻ହ 
      iii) P(neither is black) = ܲ(1ܤ஼ ∩ (2஼ܤ  = (2஼ܤ)ܲ X(1஼ܤ)ܲ   =  ଺଴଻ହX଺଴଻ହ  = ଵ଺ଶହ 
4. In a class, 40% read physics, 30% read maths and 10% both. If one of the students is 

selected at random, find the probability that i) the student read physics if it is known that 

he read maths   ii) the student read maths if it is known that he read physics. 

Sol. Let A and B be the event of students reading physics and maths respectively. 

 Given P(A) = 40% = 0.4,  P(B) = 30% = 0.3, ܲ(ܣ ∩  0.1 = %10 = (ܤ

 i) P(the student read physics if it is known that he read maths )   

  = (ܤ/ܣ)ܲ  =  
ܣ)ܲ ∩ (ܤ)ܲ(ܤ

 =  
0.1
0.3

 =  1/3 

 ii) P(the student read maths if it is known that he read physics) = ܲ ቀ஻஺ቁ ܲ ቀ஻஺ቁ 

 =  
ܣ)ܲ ∩ (ܣ)ܲ(ܤ

 =  
0.1
0.4

 =  1/4 

5. A Problem in Statistics is given to 3 students A, B and C whose chances of Solving are 

1/2, 1/4, 1/3 respectively.  What is the probability that the problem is solved? 

Sol. Give ܲ(ܣ)  = (ܤ)ܲ,1/2   = (ܥ)ܲ,1/4   =  1/3 and these events are independent 

events 

P(the problem is Solved) = ܲ(ܣ ∪ ܤ ∪ (ܥ =  1 − ∩ ஼ܣ)ܲ ∩ ஼ܤ  ( ஼ܥ

                                                                   =  1 − (1/2 ܺ3/4ܺ2/3)  =  3/4 
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Or can use Addition theorem for 3 events formula. 

6. The class has 15 boys and 10 girls. These students are selected at random one after the 

other. Find the probability that i) First two are girls and third is a boy   ii) First and third 

are of same gender and second is of opposite gender. 

Sol. Total number of students = 15+10 = 25. 

 i) P(First two are girls and third is a boy) = ܲ(1ܩ ∩ 2ܩ ∩ (ܤ  =  ଵ଴ଶହ ଽଶସ ଵହଶଷ 
 ii) P(First and third are of same gender and second is of opposite gender)  

                   = 1ܩ))ܲ ∩ ܤ ∩ (2ܩ ∪ 1ܤ) ∩ ܩ ∩ (2ܤ  = 1ܩ)ܲ  ∩ ܤ ∩ 1ܤ)ܲ+(2ܩ ∩ ܩ ∩  .(2ܤ

                  = ଵ଴ଶହ ଵହଶସ ଽଶଷ+ଵହଶହ ଵ଴ଶସ ଵସଶଷ 
7. A can hit the target once in 4 shots, B can hit 3 targets in 5 shots, C can hit two targets 
in 3 shots. What is the probability that 2 shots hit the target? 

Sol. Give ܲ(ܣ)  = (ܤ)ܲ, 1/4   = (ܥ)ܲ,3/5    =  2/3 

 P(2 shots hit the target) = ܲ((ܣ஼ ∩ ܤ ∩ (ܥ ∪ ∩ ஼ܤ) ܣ ∩ ∪(ܥ ∩ ܥܥ) ܤ ∩  ((ܣ

   = ∩ ஼ܣ)ܲ  ܤ ∩ (ܥ + ∩ ஼ܤ)ܲ ܣ ∩ ∩ ஼ܥ)ܲ+(ܥ ܤ ∩  (ܣ

  = (ܥ)ܲ.(ܤ)ܲ.( ஼ܣ)ܲ  + (ܥ)ܲ.(ܣ)ܲ.( ஼ܤ)ܲ +  (ܣ)ܲ.(ܤ)ܲ.( ஼ܥ)ܲ

   = (3/4  ) .(3/5 ).(2/3)+(2/5).(1/4).(2/3)+(1/3).(3/5 ).(1/4) 

   = ଵ଼ାସାଷ଺଴   = ଶହ଺଴  =  ହଵଶ 
8. In city A, there are 40% people who have B.P., 30% have diabetes and 20% have both. A 

person is selected at random from the city A, i) If he/she has B.P., what is the probability 

that he/she has diabetes also?  ii) If he/she has diabetes, then what is the probability that 

he/she doesn’t have B.P.? 
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Sol. Let A, B represent B.P. and diabetes respectively.  

      Given (ܣ)  =  40% = (ܤ)ܲ, 0.4   =  30% = ܣ)ܲ ݀݊ܽ,0.3  ∩ (ܤ  =  20% =  0.2 

   i) If he/she has B.P., what is the probability that he/she has diabetes also  

(ܣ/ܤ)ܲ       =  ௉(஺∩஻)௉(஺)
 =  ଴.ଶ଴.ସ  =  1/2 

 ii) If he/she has diabetes, then what is the probability that he/she has B.P.  

(ܤ/ܣ)ܲ                     =  ௉(஺∩஻)௉(஻)
 =  ଴.ଶ଴.ଷ  =  2/3  

        If he/she has diabetes, then what is the probability that he/she doesn’t have B.P.   

(ܤ/ܣ)ܲ-1 =          = 1/3 

9. Two digits are selected at random from digits 1 to 9. 

 i) If the sum is odd, what is the probability that 3 is one of the numbers selected? 

 ii) If 3 is one of the digits selected what is the probability that the sum is odd? 

Sol. The given set consists of 5 odd digits {1, 3, 5, 7, 9}, 4 even digits {2, 4, 6, 8} 

 w.k.t. Even + odd  = odd + even = odd 

 i) So, for getting the sum as odd, the number of cases is 5X4 = 20. 

 Out of these 20 cases, there are 4 cases which contains 3 as one of the numbers  

             i.e. {(3, 2), (3, 4), (3, 6), (3, 8)}  

 So, If the sum is odd, the probability that 3 is one of the numbers selected =  

P( ଷ ௜௦ ௢௡௘ ௢௙ ௧௛௘ ௡௨௠௕௘௥௦ ௦௘௟௘௖௧௘ௗௌ௨௠ ௜௦ ௢ௗௗ ) =  ସଶ଴  = 1/5   

ii) If 3 is one of the digits selected we get number of cases = 8 {(3, 1), (3, 2), (3, 4)...(3,9)} 

  Now from these 8 cases there are 4 cases where the sum is odd. 
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So, if 3 is one of the digits selected what is the probability that the sum is odd =  

ܲ(
݀݀݋ ݏ݅ ݉ݑܵ

(ݏݐ݅݃݅݀ ℎ݁ݐ ݂݋ ݁݊݋ ݏ݅ 3  =  
4
8

 =  1/2 

10. Two cards are selected at random from 12 cards numbered 1 to 12. Find the Probability 

that the sum is even if  i) two cards are drawn together  ii) two cards are    drawn one 

after another with replacement. iii) two cards are drawn one after another without 

replacement.  

Sol.      Number of odd cards = 6 = Number of even cards 

i)  If two cards are drawn at a time then the number of ways of doing so is 12௖మWays.      

For the sum to be even both the cards should be even or both the cards should be odd. 

Choosing 2 even number cards from 6 can be done in 6௖మ = 15.  

Similarly choosing 2 odd cards from 6 can be done in 6௖మways.  

So total the number of ways of getting sum as Even is 15 + 15 = 30 ways.  

And 12௖మ  =  66. 

So, Required probability = ଷ଴଺଺  =  ଵ଴ଶଶ 
ii) For the sum to be even when two cards are drawn one after the other with  

replacement  is6௖భX 6௖భ + 6௖భX 6௖భ 

The number of ways in which two cards can be drawn one after the other with 

 replacement is 12௖భX 12௖భ  

So therefore the required probability = 
଺೎భ௑ ଺೎భ  ା ଺೎భ௑ ଺೎భଵଶ೎భ௑ ଵଶ೎భ  =  ଻ଶଵସସ  =  1/2  

iii) For the sum to be even when two cards are drawn one after the other with  

replacement  is6௖భX 5௖భ + 6௖భX 5௖భ 

The number of ways in which two cards can be drawn one after the other with 

 replacement is 12௖భX 11௖భ  

So therefore the required probability = 
଺೎భ௑ ହ೎భ  ା ଺೎భ௑ ହ೎భଵଶ೎భ௑ ଵଵ೎భ  =  ଺଴ଵଶ ௑ଵଵ  =  10/22  
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Exercise-3 

1. The probabilities that a husband and wife will be alive 25 years from now are given by the 

probabilities 0.7 and 0.8 respectively. Find the probability that in 25 years i) both  ii) at 

least one  iii) none of them will be alive. 

2. Find the probability of the occurrence of a number greater than two in a throw of a die, if 

it is known that only an odd number can occur. 

3. Two dice are thrown, find the probability that the number appeared has the sum 6 if it is 

known that the second die always exhibits 3. 

4. X and Y are independent witnesses of an event which is known to have occurred. The 

probabilities that they speak the truth are 0.6 and 0.8. In what percent of the cases they 

are likely to contradict each other. 

5. A husband and a wife appear for an interview for two vacancies of the same post. The 

probability of husband’s selection is 1/8 and that of wife’s selection is 1/6 .What is the 

probability that i) at least one of them    ii) only one of them will be selected? 

Answers 

1) (i) 0.56 (ii) 0.94  (iii) 0.06    2) 2/3      3) 1/6      4) 44%    5) 13/48,  1/4 

 

Total Probability:  Let ܣଵ,ܣଶ,ܣଷ,ܣସ…….ܣ௞ are the mutually exclusive and exhaustive 

events and B⊆ ∪ ݅݇݅ܧ
 = 1   then for any event B, ܲ(ܤ)  = (ଵܣ/ܤ)ܲ.(ଵܣ)ܲ  + (ଶܣ/ܤ)ܲ.(ଶܣ)ܲ + .(ଷܣ/ܤ)ܲ.(ଷܣ)ܲ . . . . . .  (௞ܣ/ܤ)ܲ.(݇ܣ)ܲ.
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1. A person has undertaken a mining job. The probabilities of completion of the job on time 
with and without rain are 0.5 and 0.80 respectively. If the probability that it will rain is 
0.45, then determine the probability that the mining job will be completed on time. 

Sol. Let A be the event that the mining job will be completed on time and B be the event that 

it rains. We have, 

P(B) = 0.45, 

P(no rain) = P(B′) = 1 − P(B) = 1 − 0.45 = 0.55 

By multiplication law of probability, 

P(A|B) = 0.5, P(A|B′) = 0.80 

Since, events B and B′ form partitions of the sample space S, by total probability theorem, 

we have P(A) = P(B) P(A|B) + P(B′) P(A|B′) 

                 = 0.45 × 0.5 + 0.55 × 0.8 

                 = 0.225 + 0.440 = 0.665 

So, the probability that the job will be completed on time is 0.665. 

2. A factory has 3 machines, Machine ܣଵ produces 30% items, defect rate is 3%, Machine ܣଶ 

produces 50% items, defect rate is 2%, Machine ܣଷ produces 20% items, and defect rate is 

1%. Find probability that a randomly chosen item is defective. 
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Sol. ܲ(ܦ) = ܲ(ܣ∣ܦଵ)ܲ(ܣଵ)+ܲ(ܣ∣ܦଶ)ܲ(ܣଶ)+ܲ(ܣ∣ܦଷ)ܲ(ܣଷ) 

P(D) = (0.03) (0.3) + (0.02) (0.5) + (0.01) (0.2) = 0.021 

Bayes theorem:    

Let ܣଵ,ܣଶ,ܣଷ,ܣସ…….ܣ௞ are the mutually exclusive and exhaustive events of sample space 

S and B is any arbitrary event such that  B⊆ ∪ ݅݇݅ܣ
 = 1    and ܲ(ܤ) > 0, then the probability 

of  ܣ௜ for given B is  

(ܤ/௜ܣ)ܲ  =  
∑(௜ܣ/ܤ)ܲ.(௜ܣ)ܲ ௞௜ ୀ ଵ(௜ܣ/ܤ)ܲ.(௜ܣ)ܲ  

Bayes Theorem is also known as the Rule of inverse probability. Here ܲ(ܣ௜) is a priori 

probability, ܲ(ܣ/ܤ௜) likelihoods and ܲ(ܣ௜/ܤ) posterior probabilities 

1. Given that P(Rain) = 0.3, P(Cloudy | Rain) = 0.75, P(Cloudy | No Rain) = 0.25  If it is cloudy, 
what is the probability it rains? 

Sol. Given that P(Rain) = 0.3, P(Cloudy | Rain) = 0.75, P(Cloudy | No Rain) = 0.25 

Then the probability( it rains if it is cloudy) 

 =  
௉(ோ௔௜௡).௉஼௟௢௨ௗ௬/ோ௔௜௡)௉(ோ௔௜௡).௉(௖௟௢௨ௗ௬/ோ௔௜௡)ା௉(ே௢ ௥௔௜௡).௉(௖௟௢௨ௗ௬/ே௢ ௔௜௡)

 

    = ଴.ଷ ௑ ଴.଻ହ଴.ଷ௑଴.଻ହ ା ଴.଻௑଴.ଶହ = 0.5625 

2. In a neighbourhood, 85% children were falling sick due to flu and 15% due to measles and no 

other disease. The probability of observing rashes for measles is 0.95 and for flues 0.1. If a 

child develops rashes, find the child’s probability of having flu. 

Sol. Let, F:  children with flu M:  children with measles, 

R:  children showing the symptom of rash 

P(F) = 85% = 0.85, P(M) = 15% = 0.15, P(R|F) = 0.1, P(R|M) = 0.95 
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P(Child having flu if he/she develops rashes) = ܲ(ܨ/ܴ)  =  ௉(ி).௉(ோ/ி)௉(ி).௉(ோ/ி)ା௉(ெ).௉(ோ/ெ)
 

   ܲ ቀிோቁ  =  ଴.଼ହ௑ ଴.ଵ଴.଼ହ௑଴.ଵ ା଴.ଵହ௑଴.ଽହ  =  0.3936 

3. Of the three candidates, the chances that a banker, an economist, and a chartered accountant 

will be appointed as the finance head are 0.5, 0.3, and 0.2 respectively. The probabilities that 

financial performance improves under them are 0.3, 0.7, and 0.8 respectively. 

 i) Determine the probability that financial performance improves. 

 ii) If financial performance improves, what is the probability that the finance head is a 

chartered accountant? 

Sol. Let A, B, C be the events that a banker, an economist and a chartered accountant will be 

appointed as the finance head. Then ܲ(ܣ)  =  0.5, (ܤ)ܲ  =  0.3, (ܥ)ܲ  =  0.2 

Let F represents improvement in financial performance. 

The probability that the financial performance improves if they are appointed as finance head 

are ܲ(ܣ/ܨ)  = (ܤ/ܨ)ܲ,0.3   = (ܥ/ܨ)ܲ,0.7   =  0.8 

i) P(the financial performance improves) = ܲ(ܨ) 

      = ܲ.(ܣ)ܲ  ቀி஺ቁ + ܲ.(ܤ)ܲ ቀி஻ቁ + ܲ.(ܥ)ܲ ቀி஼ቁ  

                                                           =  (0.5)(0.3) + (0.3)(0.7) + (0.2). (0.8). 

           = 0.52 

ii) The probability that if financial performance improves, it is by the chartered accountant  

                                                          = ܲ ቀ஼ிቁ =  
௉(஼).௉ቀಷ಴ቁ௉(஺).௉ቀಷಲቁା௉(஻).௉ቀಷಳቁା௉(஼).௉ቀಷ಴ቁ  

                                                          =  (଴.ଶ)(଴.଼)଴.ହଶ  =  0.3076  
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4. The probability that Doctor X will diagnose disease A correctly is 70%. The probability that 

a patient will die by his/her treatment after a correct diagnosis is 30% and the probability of 

death by wrong diagnosis is 60%. A patient of doctor X who had disease A died, then what is 

the probability that his disease was diagnosed correctly. 

  
Sol. Let 1ܧand 2ܧ be the event that disease A was diagnosed correctly and not correctly 

respectively. Let B be the event that the patient of Doctor X died. ܲ(1ܧ)  = (2ܧ)ܲ,0.7   =  0.3  

(1ܧ/ܤ)ܲ      = (2ܧ/ܤ)ܲ,0.3   =  0.6  

Now by Bayes theorem, required probability is given by 

(ܤ/1ܧ)ܲ  =  ௉(ாଵ).௉(஻/ாଵ)௉(ாଵ).௉(஻/ாଵ)ା௉(ாଶ).௉(஻/ாଶ)
   

ܲ ቀாଵ஻ ቁ  =  (଴.଻)(଴.ଷ)
(଴.଻)(଴.ଷ)ା(଴.ଷ)(଴.଺)  =  0.5384  

5. The results of an investigation by an expert on a fire accident in a restaurant are summarized 
below:  

(i)   P(There should have been short circuit) = 0.7 
(ii)  P(LPG cylinder explosion) = 0.3 
(iii) Chance of fire accident is 30% given a short circuit and 95% given an LPG explosion. 
Based on these, what do you think are the most probable causes of fire? Statistically justify 

your answer. 

Sol. Let E1, E2 represent short circuit and LPG explosions respectively. A represents a fire 

accident. 

Then ܲ(1ܧ)  = (2ܧ)ܲ,0.7   = (1ܧ/ܣ)ܲ,0.3   = (2ܧ/ܣ)ܲ,0.3   =  0.95 

Then by Bayes theorem, required probabilities are given by ܲ(ܣ/1ܧ) ܽ݊݀ ܲ(ܣ/2ܧ) 

 where ܲ(ܣ/1ܧ)  =  ௉(ாଵ).௉(஺/ாଵ)௉(ாଵ).௉(஺/ாଵ)ା௉(ாଶ).௉(஺/ாଶ)
 =  (଴.଻)(଴.ଷ)

(଴.଻)(଴.ଷ)ା(଴.ଷ)(଴.ଽହ)
 = 0.424 

(ܣ/2ܧ)ܲ   =  ௉(ாଶ).௉(஺/ாଶ)௉(ாଵ).௉(஺/ாଵ)ା௉(ாଶ).௉(஺/ாଶ)
 =  (଴.ଷ)(଴.ଽହ)

(଴.଻)(଴.ଷ)ା(଴.ଷ)(଴.ଽହ)
 = 0.576 
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Conclusion: The most probable cause of the fire is an LPG explosion (≈ 57.6%) rather than 

a short circuit (≈ 42.4%),  

6. In a soap factory Machines X, Y, Z manufactures 30%, 30% and 40% of soaps. Of their total 
outputs. 5%, 4%, 3% are defective. A soap is drawn at random and found to be defective. What 
is the probability that it is manufactured by i) Machine X, ii) Machine Z. 

Sol. Let E1, E2, E3 represent soaps manufactured by machine X, Y, Z respectively.  

       Let D represents defective. 

From the given  ܲ(1ܧ) = (2ܧ)ܲ,0.3  = (3ܧ)ܲ,0.3  =  0.4, ܲ ቀ ஽ாଵቁ = (2ܧ/ܦ)ܲ                    ,0.05   = (3ܧ/ܦ)ܲ,0.04   =  0.03  
Then by Bayes theorem, required probabilities are given by ܲ(ܦ/1ܧ) ܽ݊݀ ܲ(ܦ/3ܧ) where 

ܲ ൬ܦ1ܧ ൰ =  
ܲ.(1ܧ)ܲ ቀ ஽ாଵቁܲ(1ܧ).ܲ ቀ ஽ாଵቁ + ܲ.(2ܧ)ܲ ቀ ஽ாଶቁ + ܲ.(3ܧ)ܲ ቀ ஽ாଷቁ  

                                           =  (଴.ଷ)(଴.଴ହ)
(଴.ଷ)(଴.଴ହ)ା(଴.ଷ)(଴.଴ସ)ା(଴.ସ)(଴.଴ଷ)

=    0.3846    

ܲ(
ܦ3ܧ )  =   

(1ܧ/ܦ)ܲ.(1ܧ)ܲ(3ܧ/ܦ)ܲ.(3ܧ)ܲ + (2ܧ/ܦ)ܲ.(2ܧ)ܲ + (3ܧ/ܦ)ܲ.(3ܧ)ܲ
 

=  
(0.4)(0.03)

(0.3)(0.05) + (0.3)(0.04) + (0.4)(0.03)
 =  0.307 

Exercise 

1. In a certain college, 5% of the boys and 2% of the girls are taller than 1.7m, furthermore 

60% of the students are girls. Now if a student is selected at random and is taller than 

1.7m, then what is the probability that the student is a girl? 

2. Companies A, B, C produce 30%, 40% and 30% of the cars respectively. It is known that 

2%, 3% and 4% of the cars produced from A, B, C are defective. i) What is the probability 

that a car purchased is defective?  ii) If a car purchased is found to be defective, what is 

the probability that this car is produced by company C? 
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3. A box I contains 2 black and 3 white marbles and a box II contains 4 black and 5 White 

marbles. One marble is drawn at random from one of the boxes and it is found to be white. 

Find the probability that the white marble drawn is from box II. 

4. A businessman goes to hotels A, B, C 30%, 40%, 30% of the time respectively. It is 

known that 4%, 3%, 5% of the rooms in A, B, C hotels have faulty plumbings. What is 

the probability that a business man’s room having faulty plumbing is assigned to hotel A? 

5. If 5% and 8% of the men and women in a City A are colour blind. A colour blind is 

selected at random. What is the probability that the person is a female? Assume that male 

and females are in equal numbers. 

Answers 

1) 3/8             2) 25/52          3) 0.03,  0.4            4) 4/13        5)  8/13  
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Unit-II 

RRandom Variables 

Random Variables:  

A Random Variable means a real number x which is connected with the outcome of a random 

experiment. 

Let S be the sample space associated with random experiment, the rule by which for each outcome 

of random experiment a real number is assigned is known as random variable.  

Definition:  A random variable (r.v.) is a function ܺ(ݔ) with domain S and range (−∞,∞) such 

that for every real number ܽ, the event ((ݔ)ܺ,ݔ ≤ ܽ) ∈ ܵ. 

Example 1:  Consider a random experiment consisting of tossing a coin twice. Let random variable ܺ denote the number of times a tail appears. The sample space ܵ =  Find .{ܶܶ,ܪܶ,ܶܪ,ܪܪ} 

the values of random variables and its probabilities. 

Sol. Sample Space ܵ =  .Here the random variable takes the values 0,1 and 2 ,{ܶܶ,ܪܶ,ܶܪ,ܪܪ} 

By definition of random variable, ܺ(ܪܪ)  = (ܶܪ)ܺ,0   = (ܪܶ)ܺ,1   =  1, ܺ(ܶܶ)  =  2. 

ܲ(ܺ =  0)  =  
1
4

, ܲ(ܺ =  1)  =  
2
4

, ܽ݊݀ ܲ(ܺ =  1)  =  
1
4

 

The probability of random variables can be shown in tabular form as  

 2 1 0 ݔ

ܲ(ܺ =  (ݔ 
1
4

 
2
4

 
1
4
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Example 2:  Consider a random experiment consisting of throwing a pair of dice. Let random 

variable ܺ  denote the sum of the numbers appeared on dice.  Find the values of random variables 

and its probabilities. 

Sol. The sample space ܵ =  {(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (2,1), (2,2), (2,3), (2,4), (2,5), (2,6),

… . . (6,1), (6,2), (6,3), (6,4), (6,5), (6,6), } 

Here the random variable is the sum of the numbers appeared on dice and it takes the values 2, 3, 

4…12 

By definition of random variable, ܺ൫(1,1)൯  =  2,ܺ൫(1,2), (2,1)൯  =  3, . . .ܺ൫(6,6)൯  =  12 

ܲ(ܺ =  2)  =  
1

36
, ܲ(ܺ =  3)  =  

2
36

, ܽ݊݀ ܲ(ܺ =  6)  =  
1

36
 

The probability of random variables can be shown in tabular form as  

 12 11 10 9 8 7 6 5 4 3 2 ݔ

ܲ(ܺ =  (ݔ
1

36
 

2
36

 
3

36
 

4
36

 
5

36
 

6
36

 
5

36
 

4
36

 
3

36
 

2
36

 
1

36
 

Note:  If ܺ and ܻ are two random variables on the Sample Space ܵ, K is any constant,  

then ܺ + ܻ,ܺ +   are also random variables on ܵ and are defined asܻܭ and ܺܭ,ܭ

(ܺ + (ݔ)(ܻ  = (ݔ)ܺ  +  ,(ݔ)ܻ

(ܺ + (ݔ)(ܭ  = (ݔ)ܺ  + ,ܭ (ݔ)(ܺܭ)  = (ݔ)(ܻܭ) and (ݔ)ܺܭ   =  .(ݔ)ܻܭ 

Types of Random Variables 

Random variables can be classified into two types. They are Discrete random variable and 

Continuous random variable. 
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1. Discrete random variable:  A random variable ܺ which can take only a finite number of 
discrete values in an interval is called a Discrete random variable. 

Example 1:  In tossing two coins, define a random variable ܺ which counts the number of heads. 

The Sample Space ܵ = = ܺ here the random variable will take the values {ܶܶ,ܪܶ,ܶܪ,ܪܪ} 

 {0, 1, 2} 

Example 2:  In throwing two dice, define a random variable ܼ which is the sum of the numbers on 

faces of the dice. The sample space  

ܵ =  {(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (2,1), (2,2), (2,3), (2,4), (2,5), (2,6),

… . . (6,1), (6,2), (6,3), (6,4), (6,5), (6,6)}  

here the random variable will take the values  

ܼ =  {2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12} 

2. Continuous random variable:  A random variable ܺ which can take values continuously, all 
possible values in a given interval is called a Continuous random variable. 

Example 1:  The age/weight of a randomly selected student from a class. 

Example 2:  The temperature at a randomly selected place. 

Probability Distribution of discrete random variable:   

 Suppose ܺ is a discrete random variable, the probability distribution of ܺ is set of all possible 

values of ܺ along with their respective probabilities.  

Example 1 The probability distribution is given by 

 2 1 0 ݔ

ܲ(ܺ =  (ݔ 
1
4

 
2
4

 
1
4
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Example 2, the probability distribution is given by 

 12 11 10 9 8 7 6 5 4 3 2 ݔ

ܲ(ܺ =  (ݔ 
1

36
 

2
36

 
3

36
 

4
36

 
5

36
 

6
36

 
5

36
 

4
36

 
3

36
 

2
36

 
1

36
 

Probability Function of Discrete random variable:  

 A probability function of a discrete random variable is called the Probability Mass Function 

(PMF). 

Definition:  Let  ܺ   be a discrete random variable. The probability function of  ܺ  is called probability 

mass function (PMF) is denoted by (ݔ)݌and is defined as: (ݔ)݌  =  ܲ(ܺ =  It gives the .(ݔ 

probability that the random variable  ܺ takes a specific value ݔ. 

Properties of PMF 

1. Non-negative: (ݔ)݌ ≥ 0 for all ݔ.  
2. Sum equals 1: ∑(ݔ)݌  =  1 
3. Defined only for discrete values: ݔ takes countable values (e.g., 0, 1, 2, …) 

Example 1:  In games like dice, cards, outcomes are discrete.  

PMF helps calculate chances of winning/losing and expected gains or losses. 

Example 2:  Let ܺ = number of defective items in a batch.  

PMF helps to estimate defect probabilities and to improve production processes. Used in Six Sigma 
and industrial statistics. 

Distribution Function of a Discrete Random Variable:  

The distribution function of a discrete random variable is called the Cumulative Distribution 
Function (CDF). Let ܺ be a discrete random variable. The distribution function is denoted by (ݔ)ܨ and is defined as  (ݔ)ܨ  =  ܲ(ܺ ≤  .ݔ It gives the probability that ܺ takes a value less than or equal to .(ݔ
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Properties of CDF 

1. Non-decreasing function: ࡲ(࢞૚) ≤ ,(૛࢞)ࡲ ૚࢞ ࢌ࢏ < ࢞૛ 
2. Limits: lim௫→ିஶ(ݔ)ܨ  =  0 and lim௫→ஶ(ݔ)ܨ  =  1  

Measure of a discrete random variable 

The measures of a discrete random variable are numerical quantities that describe its behavior—
such as its average value, spread, and shape. 

1. Mean (Expected value) of a random variable is average outcome. It is denoted by ܧ ݎ݋ ߤ(ܺ) 
and is defined as ܧ(ܺ)  = (ܺ)ܧ or (ݔ)݌ݔ∑   = = ܺ)ܲݔ∑   .(ݔ 

Interpretation:  Long-run average value of the discrete random variable. 
 
2. Variance measures the spread or dispersion of values around the mean. It is denoted by ߪଶ ݎ݋ ܸ(ܺ) and is defined as ܸ(ܺ)  = ݔ)∑  − (ܺ)ܸ  or (ݔ)݌ଶ(ߤ  = (ଶܺ)ܧ  − ൫ܧ(ܺ)൯ଶ. where ߤ =   .(ܺ)ܧ 
Interpretation:  How far values deviate from the mean. 

Other measures are Standard deviation (measures spread in same units), Skewness (measures 
asymmetry of distribution) and Kurtosis (measures peakedness or flatness). 

Solved Problems 

1. A person tosses a fair coin 3 times. Let  ܺ denote the number of heads obtained. Find the 
probability distribution of ܺ. Also find ܲ(ܺ =  2) and ܲ(1 ≤ ܺ < 3). 

Sol.  Here ܺ denote the number of  heads obtained when a fair coin tossed 3 times. Then ܺ takes 
the value ܺ =  {0, 1, 2, 3}. The sample space ܵ =  {ܶܶܶ,ܪܶܶ,ܶܪܶ,ܶܶܪ,ܪܶܪ,ܪܪܶ,ܶܪܪ,ܪܪܪ} 

For ܺ =  0,  the favorable item is ܶܶܶ. Then ܲ(ܺ =  0)  =  ଵ଼  
similarly for other values of random variable ܺ are given by  ܲ(ܺ =  1)  =  ଷ଼ , ܲ(ܺ =  2)  =  ଷ଼  and  ܲ(ܺ =  3)  =  ଵ଼ 
The probability distribution is given by 

= ܺ)ܲ 3 2 1 0 ݔ 1 (ݔ  3 3 1
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ܲ(ܺ =  2)  =  ଷ଼ and ܲ(1 ≤ ܺ < 3)  =  ܲ(ܺ =  1) + (ܺ =  2)   =  ଷ଼ + ଷ଼  =  ଺଼  =  ଷସ 
2. A call center receives calls with probability function ܲ (ܺ = (ݔ   =  ௫ଵ଴ , = ݔ  0,1,2,3,4.  Verify 

whether the probability function is valid. Compute mean and variance if probability function is 
valid. 

Sol. Here ܺ is the random variable which takes the values 0,1,2,3,4. 

The probability function is given by  

ܲ(ܺ =  0)  =  ଴ଵ଴  =  0,ܲ(ܺ =  1)  =  ଵଵ଴ ,ܲ(ܺ =  2)  =  ଶଵ଴  ܲ(ܺ =  3)  =  ଷଵ଴  and ܲ(ܺ =  4)  =  ସଵ଴  
And ܲ(ܺ =  0) +  ܲ(ܺ =  1) +  ܲ(ܺ =  2) + ܲ(ܺ =  3) +  ܲ(ܺ =  4)  

=  0 +
1

10
+

2
10

+
3

10
 +

4
10

  =  1 

Since sum of all probabilities of a random variable is equal to 1. The given probability function is 

valid.  

The probability distribution is given by 

 4 3 2 1 0 ݔ

ܲ(ܺ =  0 (ݔ 
1

10
 

2
10

 
3

10
 

4
10

 

The mean of a random variable X is given  ߤ = (ܺ)ܧ   = = ܺ)ܲݔ∑   (ݔ 

= ߤ (ܺ)ܧ   =  0 ൬ 0
10
൰ + 1 ൬ 1

10
൰ + 2 ൬ 2

10
൰ + 3 ൬ 3

10
൰ + 4 ൬ 4

10
൰  =  3 

The variance of a random variable ܺ is given  ܸ(ܺ)  = ݔ)∑  − ଶ(ߤ ∗ (ݔ)݌  ݎ݋ 
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ܸ(ܺ)  = (ଶܺ)ܧ  − ൫ܧ(ܺ)൯ଶ 

ܸ(ܺ)  = (ଶܺ)ܧ  − ൫ܧ(ܺ)൯ଶ
=  0ଶ ൬ 0

10
൰ + 1ଶ ൬ 1

10
൰ + 2ଶ ൬ 2

10
൰ + 3ଶ ൬ 3

10
൰ + 4ଶ ൬ 4

10
൰ − 3ଶ         

                                              =  1  

3. An online store records daily order:  

X 1 2 3 4 

P(X =  x) 0.2 0.3 0.3 0.2 

Find mean number of daily orders and P(X > 3) 

Sol. The mean of a random variable X is given  μ =  E(X)  =  ∑ xP(X =  x) μ =  E(X)  =  1(0.2) + 2(0.3) + 3(0.3) + 4(0.2)  =  2.5 and  P(X > 3)  =  P(X =  4)  =

 0.2 

4. Find P(X < 2), P(X ≥ 2)and (2)ܨ of the random variable for the probability distribution 

 3 2 1 0 ݔ

ܲ(ܺ =  3݇ 2݇ ݇ 0 (ݔ 

 

Sol. Since sum of all the probabilities of a random variable is one ܲ(ܺ =  0) + ܲ(ܺ =  1) + ܲ(ܺ =  2) + ܲ(ܺ =  3)  =  0 + ݇ + 2݇ + 3݇ =  1 ⇒ 6݇ 

=  1 ⟹ ݇ =  
1
6
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ܲ(ܺ < 2)  =  ܲ(ܺ =  0) + ܲ(ܺ =  1)  =  0 + ݇ =  ݇ =  
1
6

 

ܲ(ܺ ≥ 2)  =  ܲ(ܺ =  2) + ܲ(ܺ =  3)  =  2݇ + 3݇ =  5݇ =  
5
6

 

(2)ܨ  =  ܲ(ܺ ≤ 2)  =  ܲ(ܺ =  0) + ܲ(ܺ =  1) + ܲ(ܺ =  2) 

          =  0 + ݇ + 2݇ =  3݇ =  ଷ଺  =  0.5 

5. A shop records number of customers per hour:  

 3 2 1 0 ݔ

ܲ(ܺ =  0.2 0.4 0.3 0.1 (ݔ

Find the probability that at most two customers arrive per hour. 

Sol. Probability that at most two customers arrive per hour is given by cumulative distributive 

function (2)ܨ  =  ܲ(ܺ ≤ 2)   =  ܲ(ܺ =  0) + ܲ(ܺ =  1) + ܲ(ܺ =  2)  

                                                =  0.1 + 0.3 + 0.4 =  0.8  

Probability that at most two customers arrive per hour is 80%. 

Mean and variance of linear combination of Random variables 

Theorem:  If a and b are any constants, then ܧ(ܽܺ + ܾ)  = (ܺ)ܧܽ  + ܾ  ܸܽ r(ܽܺ + ܾ)  =  ܽଶ var(ܺ) 

1. If  X any random variable with mean 5 and Variance 2, calculate the mean and Variance 

of  ܻ =  2ܺ + 3. 
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Sol.  ܧ(ܺ)  = (ܺ)ଶߪ ; 5   =  2 
(ܻ)ܧ   = 2ܺ)ܧ  + 3)  = (ܺ)ܧ2  + 3 =  2 × 5 + 3 =  13  

(ܻ)ଶߪ   = ଶ(2ܺߪ  + 3)  =  2ଶ var(ܺ)  =  4 × 2 =  8  
 
Exercise 

1. A random variable ܺ has the following probability distribution 

X 0 1 2 3 

P(X 0.2 0.4 0.3 0.1 

Find the mean of ܺ and ܲ(ܺ ≥ 2). 

2. A fair coin is tossed 4 times. Let ܺ denote the number of tails obtained.  

Find ܲ(ܺ =  3) and ܲ(ܺ < 2). 

3. The probability distribution of a random variable ܺ is given below:   

X 1 2 3 4 

P(X = x) k 2k 3k 4k 

Find the value of ݇ and ܲ(ܺ ≤ 3). 

4. A delivery service records the number of parcels delivered per hour:   

X 0 1 2 3 4 

P(X = x) 0.1 0.2 0.3 0.2 0.2 

Find the variance of  ܺ. 

5. The probability distribution of a random variable ܺ is given by:   
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X 0 1 2 3 

P(X = x) 0.25 0.35 0.25 0.15 

Find (2)ܨ and ܲ(ܺ > 1). 

Answers: - 

1) Mean = 1.3, ܲ(ܺ ≥ 2)  =  0.4, 2) ܲ(ܺ =  3)  =  ଵସ, ܲ(ܺ < 2)  =  ହଵ଺,  

3) ݇ =  ଵଵ଴, ܲ(ܺ ≤ 3)  =  ଺ଵ଴  = (2)ܨ (5  ,1.56 (4  ,0.6   =  0.85, ܲ(ܺ > 1)  =  0.40 

Probability Function of Continuous random variable:  

A probability function of a continuous random variable is called the Probability density Function 

(PDF). 

Definition:  Consider the small interval ቂݔ − ௗ௫ଶ , ݔ + ௗ௫ଶ ቃof length ݀ݔ round the point ݔ, let ݂(ݔ) be 

any continuous function of ݔ so that ݂(ݔ)݀ݔ represents the probability that the variable ܺ falls 

in the infinitesimal interval ቂݔ − ௗ௫ଶ , ݔ + ௗ௫ଶ ቃ .  
It can be represented as  ܲ ቀݔ − ௗ௫ଶ ≤ ܺ ≤ ݔ + ௗ௫ଶ ቁ  =  is called Probability (ݔ)݂ then ,ݔ݀(ݔ)݂ 

density Function (PDF). 

Properties of PDF 

1. Non-negative: ݂(ݔ) ≥ 0 for all ݔ.  
2. Sum equals 1: ∫ = ݔ݀(ݔ)݂  1ஶିஶ  
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Distribution Function of a Continuous Random Variable:  

The distribution function of a continuous random variable is called the Cumulative Distribution 
Function (CDF). Let ܺ be a continuous random variable. The distribution function is denoted 
by (ݔ)ܨ and is defined as (ݔ)ܨ  =  ܲ(ܺ ≤ (ݔ   =  ∫ ௫ିஶ  .ݑ݀(ݑ)݂ and ݂(ݔ)  =  ௗி(௫)ௗ௫  

It gives the probability that ܺ takes a value less than or equal to ݔ. 

Properties of CDF 

1. Non-decreasing function: ܨ(ݔଵ) ≤ ,(ଶݔ)ܨ ଵݔ ݂݅ <  ଶݔ

2. Limits: lim௫→ିஶ(ݔ)ܨ  =  0 and lim௫→ஶ(ݔ)ܨ  =  1  

3. Probability between two values:  ܲ(ܽ < ܺ ≤ ܾ)  = (ܾ)ܨ  −  (ܽ)ܨ

 .is continuous for continuous random variables (ݔ)ܨ .4

Measure of a continuous random variable 

The measures of a continuous random variable are numerical quantities that describe its behavior—
such as its average value, spread, and shape. 

1. Mean (Expected value) of a random variable is average outcome. It is denoted by (ࢄ)ࡱ ࢘࢕ ࣆ 
and is defined as ܧ(ܺ)  =  ∫ ஶିஶݔ݀(ݔ)݂ݔ .   
 

Interpretation:  Long-run average value of the continuous random variable. 
 

2. Variance measures the spread or dispersion of values around the mean. It is denoted by σଶ or V(X) and is defined as V(X)  =  ∫ ݔ) − ஶିஶݔ݀(ݔ)ଶ݂(ߤ  or  

 V(X)  =  ∫ ஶିஶݔ݀(ݔ)ଶ݂ݔ − ൫∫ ஶିஶݔ݀(ݔ)݂ݔ ൯ଶ. where μ =  E(X).  
 
Interpretation:  How far values deviate from the mean. 

For Continuous random variables also, the other measures are Standard deviation (measures spread 
in same units), skewness (measures asymmetry of distribution) and Kurtosis (measures peakedness 
or flatness). 

Solved Problems 

1. A continuous random variable ܺ has probability density function ݂(ݔ)  =  ൜݇0    ,ݔ ≤ ݔ ≤ 2
 ݁ݏ݅ݓݎℎ݁ݐܱ     ,0

Find the value of ݇ and ܲ(1 ≤ ܺ ≤ 2). 
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Sol. For a continuous random variable, we have ∫ = ݔ݀(ݔ)݂  1ஶିஶ  ⟹න ݔ݀(ݔ)݂ + න ݔ݀(ݔ)݂ + න ஶݔ݀(ݔ)݂
ଶ

ଶ
଴  =  1

଴
ିஶ ⟹ 0 + න ݔ݀(ݔ)݂ + 0 =  1

ଶ
଴⟹ න = ݔ݀ݔ݇  1

ଶ
଴  

 

By definition ܲ(1 ≤ ܺ ≤ 2)  =  ∫ =  ݔ݀(ݔ)݂  ∫ ௫ଶ =  ݔ݀  ଵଶ ቂ௫మଶ ቃଵଶ  =  ଵଶ ቀସଶ− ଵଶቁ   =  ଵଶ ቀଷଶቁ  =  ଷସଶଵଶଵ  

 
2. The time (in minutes) a person waits for a bus is a continuous random variable with PDF ݂(ݔ)  =  ଵଵ଴ ݁షೣభబ ݔ, ≥ 0. Find the probability that the person waits less than 5 minutes. 

Sol. The probability that the person waits less than 5 minutes is given by 

∫ ହ଴(ݔ)݂ = ݔ݀  ∫ ଵଵ଴ ݁షೣభబ݀ݔହ଴   

P(X <  5)   =  ∫ ቀ ଵଵ଴ቁ eି ౮భబdxହ଴  =  1 −  eି଴.ହ ≈  0.3935  

3. Let the PDF of a continuous random variable ܺ be ݂(ݔ)  =  ቄ20    ,ݔ ≤ ݔ ≤ 1
 Find the   ݁ݏ݅ݓݎℎ݁ݐܱ    ,0

distribution function. 

Sol.  (ݔ)ܨ  =  ܲ(ܺ ≤ (ݔ  =  ∫ ௫ିஶݐ݀(ݐ)݂  

For ݔ < (ݔ)ܨ  :0  =  0  

For  0 ≤ ݔ ≤ (ݔ)ܨ  :1  =  ∫ =  ݐ݀ݐ2 ଶ௫଴ݔ   

For ݔ > (ݔ)ܨ  :1  =  1  

The distribution function is given by (ݔ)ܨ  =  ൝0,               ݔ < ଶ,     0ݔ 0 ≤ ݔ ≤ 1 
ݔ              ,1 > 1

 

4. Find the probability density function for the given cumulative distribution function of a 

continuous random variable (ݔ)ܨ  =  ൜ ݔ              ,0 < 0
1 − ݁ିଶ௫,    ݔ ≥ 0   
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Sol. By definition ݂(ݔ)  =  ௗி(௫)ௗ௫  ⟹ (ݔ)݂  =  ௗ൫1−݁−2ݔ൯ௗ௫  =  ݔ2݁−2 
(ݔ)݂  =  ൜0,              ݔ < 0

2݁ିଶ௫,    ݔ ≥ 0 

5. A continuous random variable ܺ has PDF݂(ݔ)  =  ൜݇2)ݔ − 0       ,(ݔ ≤ ݔ ≤ 2
   ݁ݏ݅ݓݎℎ݁ݐܱ                   ,0

Find ݇,݂݋ ݁ܿ݊ܽ݅ݎܸܽ ݀݊ܽ ݊ܽ݁ܯ,(ݔ)ܨ ܺ. 

Sol. For a continuous random variable, we have ∫ = ݔ݀(ݔ)݂  1ஶିஶ  

⟹න ݔ݀(ݔ)݂ + න ݔ݀(ݔ)݂ + න ஶݔ݀(ݔ)݂
ଶ

ଶ
଴  =  1

ଶ
ିஶ ⟹ 0 + න ݔ݀(ݔ)݂ + 0 =  1

ଶ
଴⟹ න 2)ݔ݇ − = ݔ݀(ݔ  1

ଶ
଴  

න 2)ݔ݇ − = ݔ݀(ݔ  1
ଶ
଴ ⇒ ݇න ݔ2) − = ݔ݀(ଶݔ  1 ⇒ ݇ቆ2

ଶݔ
2
− ଷݔ

3
ቇଶ

଴  =  1

⇒ ݇ ൬4 − 8
3
൰  =  1 ⇒ ݇ =  

3
4

 

Distribution Function (ݔ)ܨ  =  ܲ(ܺ ≤ (ݔ  =  ∫ ௫ିஶݐ݀(ݐ)݂  =  ∫ ݐ݀(ݐ)݂ + ∫ ௫଴଴ିஶݐ݀(ݐ)݂  

(ݔ)ܨ  =  න ௫ݐ݀(ݐ)݂
଴  =  න 3

4
ݔ2) − ௫ݐ݀(ଶݔ

଴  =  
3
4
ቆݔଶ − ଷݔ

3
ቇ  0 ≤ ݔ ≤ 2 

Expected value or mean of a random variable is given by 

(ܺ)ܧ  =  න ஶݔ݀(ݔ)݂ݔ
ିஶ  =  න 3

4
ݔ2)ݔ − ଶݔ݀(ଶݔ

଴  =  න 3
4

ଶݔ2) − ଶݔ݀(ଷݔ
଴  

=  
3
4
ቆ2

ଷݔ
3
− ସݔ

4
ቇ  =  

3
4
ቆ2

2ଷ
3
− 2ସ

4
ቇ − 0 =  1 

Variance of a random variable is given by  
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V(X)  =  න ஶݔ݀(ݔ)ଶ݂ݔ
ିஶ − ൭ න ஶݔ݀(ݔ)݂ݔ

ିஶ ൱ଶ  =  න 3
4
ݔଶ(2ݔ − ଶݔ݀(ଶݔ

଴ − 1 

=  න 3
4

ଷݔ2) − ଶݔ݀(ସݔ
଴ − 1 

V(X)  =  =  න 3
4

ଷݔ2) − ଶݔ݀(ସݔ
଴ − 1 =  

3
4
ቆ2

ସݔ
4
− ହݔ

5
ቇ − 1 =  

3
4
ቆ2

2ସ
4
− 2ହ

5
ቇ − 1 

=  
1
5

 

Joint Distribution (Discrete rv ‘s) 

• Let X and Y  be two discrete rv’s defined on the sample space of an experiment. 

• The joint probability mass function ݔ)݌,  is defined for each pair of numbers (x, y) (ݕ 
by ݔ)݌,   P(X = x and Y = y) such that = (ݕ 

,ݔ)݌               (ݕ  ≥ 0 and     ∑ ∑ ,ݔ)݌ (ݕ   =  1௬௫   

• The marginal probability mass function of  X denoted by ݌௑(ݔ) and is given by  

(ݔ)௑݌              =  ∑ ,ݔ)݌ ௬(ݕ   for each possible value of  x. 

• The marginal probability mass function of Y denoted by ݌௒(ݕ) and is given by  

(ݕ)௒݌              =  ∑ ,ݔ)݌ ௫(ݕ   for each possible value of  y 

• Two discrete random variables X and Y are said to be independent if for every pair of  x 
and y values  ݔ)݌, (ݕ   = (ݔ)௑݌  ∙  (ݕ)௒݌

• If it is not satisfied, then X and Y are said to be dependent. 

Conditional Distributions 

• Let X and Y be two discrete rv’s with joint pmf ݔ)݌,  and marginal probability  (ݕ 
distribution of  X is ݌௑(ݔ). 
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• Then for any X value of  x for which ݌௑(ݔ) > 0, the conditional probability mass function 
of   Y when X = x is  

(ݔ|ݕ)௒|௑݌  =  
,ݔ)݌ (ݔ)௑݌(ݕ 

 

Joint Probability Distribution Function 

Let (X, Y) be a two-dimensional discrete random variable then their joint distribution 

function is given by  

,ݔ)௑௒ܨ (ݕ   =  ܲ(ܺ ≤ ,ݔ  ܻ ≤ (ݕ   =  ෍෍ݔ)݌, ௒ஸ௬௑ஸ௫(ݕ   

Marginal Distribution Function 

(ݔ)௑ܨ   =  ෍ ܲ(ܺ ≤ ,ݔ  ܻ = ௑ஸ௫,∀௬(ݕ   

(ݕ)௒ܨ   =  ෍ ܲ(ܺ = ,ݔ   ܻ ≤ ௒ஸ௬,∀௫(ݕ  

1. Let ݔଵand ݔଶ have the joint probability distribution f(ݔଵ , ݔଶ)   

    

a) Find  P( ݔଵ+ ݔଶ> 1) b) Find the Probability distribution ଵ݂(ݔଵ)  =  ܲ(X = ݔଵ) of the 
individual random number ݔଵ. c) Find the Conditional Probability distribution of ݔଵ given ݔଶ  = 1. Are ݔଵ and ݔଶ independent? 

Sol. a) The event  ݔଵ+ ݔଶ>1 is composed of the pairs of values (1, 1), (2, 0) and (2, 1).  Adding 

their Corresponding probabilities                  
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P(ݔଵ+ ݔଶ>1) = f(1, 1) + f(2, 0) + f(2, 1)   = 0.2 + 0.1 + 0  = 0.3 

b) Since the event ݔଵ = 0 is composed of two pairs of values (0, 0)  and  (0, 1) , we add their 

corresponding probabilities to obtain  

P(ݔଵ  = 0) = f( 0, 0) + f ( 0, 1) = 0.1 + 0.2  = 0.3 

Continuing, We obtain P(ݔଵ = 1)  = 0.6 and P(ݔଵ = 2)  = 0.1 

i.e. f1(0) = 0.3 , f1(1) = 0.6, f1(2) = 0.1 is the probability distribution of ݔଵ. 

x1 0 1 2 

P(X = x1) 0.3 0.6 0.1 

c) Joint Probability distribution f(ݔଵ, ݔଶ)  of ݔଵ  and ݔଶ with Marginal Distributions  

f1(x1) is Marginal Distributions of ݔଵand f2(x2) is Marginal Distributions of  ݔଶ 

  ଵ Totalݔ 

f2(x2)  ݔଶ 

 

0 1 2 

0 0.1 0.4 0.1 0.6 

1 0.2 0.2 0 0.4 

Total f1(x1) 0.3 0.6 0.1 1.0 

ଵ݂(0  | 1)  =   
݂(0,1)ଶ݂(1)

 =  
0.2
0.4

  =  0.5 

ଵ݂(1  | 1)  =   
݂(1,1 )ଶ݂(1)  =  

0.2
0.4

  =  0.5 

ଵ݂(2  | 1)  =   
݂(2,1 )ଶ݂(1)  =  

0
0.4

  =  0 



 

46 | P r o b a b i l i t y  T h e o r y ,  S t a t i s t i c a l  I n f e r e n c e ,  a n d  S t o c h a s t i c  P r o c e s s e s  

Since fଵ(0  | 1)  =   0.5 ≠ 0.3  =  fଵ(0) 

The Conditional Probability distribution is not free of the value xଶ 

Also  f(0,1)   = 0.2 ≠ (0.3)(0.4) = fଵ(0)fଶ(1) 

Therefore, the two random variables ݔଵand ݔଶ are dependent. 

2. The joint probability mass function (PMF) of two discrete random variables ܺ and ܻ is 

defined as:  

ܲ(ܺ = = ܻ,ݔ  (ݕ   =  ൜ܿ(ݔ + ,(ݕ for ݔ =  1,2 and ݕ =  1,2
0, otherwise  

 

a) Find the value of the constant ܿ.  

b) Find the marginal distributions ௑ܲ(ݔ) and ௒ܲ(ݕ).  

c) Find ܲ(ܺ =  1,ܻ =  2) and ܲ(ܺ =  2). 

Sol. a) P(1,1) = c(1+1) = 2c 

P(1,2) = c(1+2) = 3cP(1,2) = c(1+2) = 3cP(1,2) = c(1+2) = 3c 

P(2,1) = c(2+1) = 3cP(2,1) = c(2+1) = 3cP(2,1) = c(2+1) = 3c 

P(2,2) = c(2+2) = 4cP(2,2) = c(2+2) = 4cP(2,2) = c(2+2) = 4c 

 

Which gives ܿ = 1/12 
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b) Marginal distribution of ܺ 

௑ܲ(1)  =  ܲ(1,1) + ܲ(1,2)  
            =  ଵଵଶ (2) + ଵଵଶ (3)  =  ହଵଶ  

௑ܲ(2)  =  ܲ(2,1) + ܲ(2,2)  
            =  ଵଵଶ (3) + ଵଵଶ (4)  =  ଻ଵଶ    

Therefore, 

 2 1 ݔ

௑ܲ(ݔ) 
5

12
 

7
12

 

Marginal distribution of ܻ 

௒ܲ(1)  =  ܲ(1,1) + ܲ(2,1)  
            =  ଵଵଶ (2) + ଵଵଶ (3)  =  ହଵଶ  

௒ܲ(2)  =  ܲ(1,2) + ܲ(2,2)  
            =  ଵଵଶ (3) + ଵଵଶ (4)  =  ଻ଵଶ  
Therefore, 

 2 1 ݕ

௒ܲ(ݕ) 
5

12
 

7
12

 

 

c) Find ܲ(ܺ =  1,ܻ =  2) and ܲ(ܺ =  2) ܲ(ܺ =  1,ܻ =  2)  =  ܿ(1 + 2)  =  ଵଵଶ (3)  =  ଵସ  

Also, ܲ(ܺ =  2)  =  ଻ଵଶ  
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Exercise 

1. A large insurance agency services a number of customers who have purchased both a 
homeowner’s policy and an automobile policy from the agency. For each type of policy, 
a deductible amount must be specified. For an automobile policy, the choices are $100 
and $250, whereas for a homeowner’s policy, the choices are 0, $100, and $200. Suppose 
an individual with both types of policy is selected at random from the agency’s files. Let 
X  the deductible amount on the auto policy and Y  the deductible amount on the 
homeowner’s policy  Suppose the joint pmf is given by  

 
p(x,y) 

Y 

0 100 200 

 
X 

100 0.20 0.10 0.20 

250 0.05 0.15 0.30 

 
Find (i) Marginal probabilities of  X and Y. 
(ii) P(ܻ ≥ 100) 
(iii) Are X and Y independent ? 
(iv) Conditional distribution of  Y = 100 for X = x. 
 

2. The joint probability distribution of two  random variables X and Y is given by    
   P(X = 0,Y = 1) = 1/3, P(X = 1,Y = -1) = 1/3, P(X = 1,Y = 1) = 1/3. 

Find i) Marginal distribution of  X and Y 

ii) The conditional probability distribution of  X given Y = 1 

3. If  X and Y are independent with                       ݌௑(0)  =  0.5, ௑(1)݌    =  0.3, ௑(2)݌    =  0.2 and ݌௒(0)  = ௒(1)݌ ,0.6   =  0.1(2)  = ௒(3)݌   =  0.05 and  ݌௒(4)  =  0.2. 

Display the joint pmf of (X, Y). 
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Answers:  

1. (i) ௑ܲ(100)  =  0.50, ௑ܲ(250)  =  0.50, ௒ܲ(0)  =  0.25, ௒ܲ(100)  =  0.25, ௒ܲ(200)  =  0.50 

(ii)ܲ(ܻ ≥ 100)  =  0.75, (iii)ܺ and ܻ are not independent 

(iv)ܲ(ܻ =  100 ∣ ܺ =  100)  =  0.20, ܲ(ܻ =  100 ∣ ܺ =  250)  =  0.30 

2. (i) ௑ܲ(0)  =  ଵଷ , ௑ܲ(1)  =  ଶଷ, ௒ܲ(−1)  =  ଵଷ , ௒ܲ(1)  =  ଶଷ 
(ii) ܲ(ܺ =  0 ∣ ܻ =  1)  =  ଵଶ, ܲ(ܺ =  1 ∣ ܻ =  1)  =  ଵଶ 
3) Joint pmf of (ܺ,ܻ) 

ܺ\ܻ 0 1 2 3 4 

0 0.30 0.025 0.025 0.025 0.10 

1 0.18 0.015 0.015 0.015 0.06 

2 0.12 0.010 0.010 0.010 0.04 

 

Joint Distribution (Continuous rv ‘s) 

• Let X and Y be continuous rv’s. A joint probability density function ݂(ݔ,  for these (ݕ 
two variables is a function satisfying  ݂(ݔ, (ݕ  ≥ 0 

න න ,ݔ)݂ (ݕ 
ஶ

ିஶ = ݕ݀ ݔ݀  1
ஶ

ିஶ  
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    Also, ܲ(ܽ ≤ ܺ ≤ ܾ,  ܿ ≤ ܻ ≤ ݀)  =  ∫ ∫ ,ݔ)݂ ௗ௖(ݕ  ௕௔ݔ݀ ݕ݀  

• The marginal probability density function of  X and Y, denoted by ௑݂(ݔ) and ௒݂(ݕ) are 
given by 

௑݂(ݔ)  =  ∫ ,ݔ)݂ ஶିஶ(ݕ  ∞− for ݕ݀ < ܺ < ∞ 

௒݂(ݕ)  =  ∫ ,ݔ)݂ ஶିஶ(ݕ  ݀x   for −∞ < Y < ∞ 

• Two continuous random variables X and Y are said to be independent if for every pair of 
x and y values ݂(ݔ, (ݕ   =  ௑݂(ݔ) ∙ ௒݂(ݕ) 

• If it is not satisfied, then X and Y are said to be dependent. 

• Conditional Distributions Let X and Y be two continuous rv’s with joint pdf ݂(ݔ,  and  (ݕ 
marginal probability distribution of  X is ௑݂(ݔ). 

• Then for any X value of x for which ௑݂(ݔ) > 0, the conditional probability density 
function of  Y when X = x is ௒݂|௑(ݔ|ݕ)  =  ௙(௫,  ௬)௙೉(௫)

 

Joint Probability Distribution Function 

Let (X, Y) be a two-dimensional continuous random variable then their joint distribution 

function is given by  

,ݔ)௑௒ܨ (ݕ   =  ܲ(ܺ ≤ ,ݔ  ܻ ≤ (ݕ  =  න න ,ݔ)݂ ௬ݕ݀ݔ݀(ݕ 
ିஶ

௫
ିஶ  

Marginal Distribution Function 

(ݔ)௑ܨ  =  න න ,ݔ)݂ ஶݔ݀ݕ݀(ݕ 
ିஶ

௫
ିஶ  

(ݕ)௒ܨ  =  න න ,ݔ)݂ ஶݕ݀ݔ݀(ݕ 
ିஶ

௬
ିஶ  
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1) If the joint probability density of two random variables is given by ݂(ݔଵ,ݔଶ)  =  6݁ିଶ௫భିଷ௫మ , ଵݔ > ଶݔ  ,0 > 0 

   =  0,                    elsewhere 

Find the probabilities that 

a) The first random variable will take on value between 1and 2 and the second random 
variable will take on a value between 2 and 3. 

b) The first random variable will take on a value less than 2 and the second random variable 
will take on a value greater than 2. 

Sol. a)  ∫ ∫ 6 ݁ିଶ௫భିଷ௫మ ݀ݔଵ݀ݔଶଷଶଶଵ  = (݁ିଶ − ݁ିସ)(݁ି଺ − ݁ିଽ) 

                                                = 0.0003 

b) ∫ ∫ 6 ݁ିଶ௫భିଷ௫మ ݀ݔଵ݀ݔଶஶଶଶ଴   = (1 − ݁ିସ)(݁ି଺) 

                                                = 0.0025 

2) If the joint probability density of two random variables is given by 

f( x , y ) = c(2x+y) for 2<x<6, 0<y<5  

                  = 0             else where. 

Find i) C ii) P(x>3,y>2) iii) P(x + y <  4) 

Sol: 

(i) ∫ ∫ ஶିஶݔ݀ݕ݀(ݕ,ݔ)݂  =  1ஶିஶ  

න න c(2x + y)dydx
ହ
଴  =  1

଺
ଶ  

න ܿ ቆ2ݕݔ +
ଶݕ
2
ቇ଴ହ ଺ݔ݀

ଶ  =  1 
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න ܿ ൬10ݔ +
25
2
൰݀ݔ଺

ଶ  =  1 

ܿ ቆ10ݔଶ
2

+
ݔ25

2
ቇଶ଺  =  1 

210ܿ =  1 

ܿ =  
1

210
 

(ii) ܲ(ݔ > ݕ,3 > 2)   =  ଵଶଵ଴ ∫ ∫ (2x + y)dydxହଶ଺ଷ  =  ଵହଶ଼ 
(iii) ܲ(ݔ + ݕ < 4)   =  ଵଶଵ଴ ∫ ∫ (2x + y)dydxସି௫଴ସଶ  =  ଶଷହ 

3) If the joint probability density of two random variables is given by 

f(x1, x2) = 6݁ିଶ௫భିଷ௫మ  for x1>0, x2>0 

                         = 0 ,    elsewhere 

Find the joint distribution function of the two random variables. Also find the probability 

that both random variables will take on values less than 1.  

Sol. Joint distribution function is, 

F(x1,x2) = ∫ ∫ 6 ݁ିଶ௫భିଷ௫మ ݀ݔଵ݀ݔଶ௫మ଴௫భ௢  for x1>0, x2>0 

              = 0, else where 

So that   F(x1, x2) = (1 − ݁ିଶ௫భ)(1 − ݁ିଷ௫మ)    for x1>0, x2>0 

                            = 0; else where  

The probability that both random variables will take on values less than 1 is   

F(1,1) = ∫ ∫ 6 ݁ିଶ௫భିଷ௫మଵ଴ଵ௢  ଶݔଵ݀ݔ݀
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           = (1 − ݁ିଶ)(1 − ݁ିଷ)     =   0.8216 

Exercise 

1) Let the joint pdf for (X, Y) be 

,ݔ)݂ (ݕ   =  ൜24ݕݔ,  0 ≤ ݔ ≤ 1,  0 ≤ ݕ ≤ 1, ݔ + ݕ ≤ 1
0, ݁ݏ݅ݓݎℎ݁ݐ݋                       

Find (i) Is f(x, y) legitimate pdf. 

(ii) To compute the probability that the two types of nuts together make up at most 50% of 
the can. 

2) If the joint probability density of two random variables is given by 

f(x , y) = bxy for 1<x<3, 2<y<4  

                  = 0,     else where. 

Find i.  b 

ii. Marginal density function 
3) If the joint probability density of two random variables is given by 

௑݂௒(ݕ,ݔ)  =  ൝ݔଶ +
ݕݔ
3

 0 < ݔ < 1,0 < ݕ < 2

0, ݁ݏ݅ݓݎℎ݁ݐ݋  

Find conditional density function of x for given y. 

Answers:  

1. (i) Yes, (ii) ଵଵ଺  = 0.0625 

2. (i) ܾ =  ଵଶସ, (ii) ௑݂(ݔ)  =  ቊ௫ସ , 1 < ݔ < 3
0, otherwise

   and   ௒݂(ݕ)  =  ቊ௬଺ , 2 < ݕ < 4
0, otherwise

 

3. ௑݂∣௒(ݔ ∣ (ݕ  =  ଺௫మାଶ௫௬ଶା௬ , 0 < ݔ < 1,  0 < ݕ < 2 
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UNIT 3 

DDiscrete and Continuous distributions 

In this unit, we will discuss some of the probability distributions. The values of the random 

variables and their corresponding probabilities can be arranged so that the probabilities are 

represented as a mathematical function of the random variable values.  

Probability distributions are broadly classified based on the type of random variable they 

describe. The two main categories are:  

1. Discrete Probability distributions 

2. Continuous Probability distributions. 

In this present unit, we shall discuss two important discrete probability distributions, 

Binomial and Poisson distributions. And in continuous probability distributions, we shall 

discuss about Uniform and Normal distributions. 

The other discrete distributions are Bernoulli, Geometric, Negative binomial and Hyper-

geometric distributions and other continuous distributions are Exponential, Gamma, Beta and 

Weibull distributions. 

Binomial Distribution:  

The Binomial Distribution is a discrete probability distribution that gives the probability of 

obtaining a fixed number of successes in a fixed number of independent trials. 

Definition:  A random variable X follows a binomial distribution if:  

 There are n independent trials 
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 Each trial has only two outcomes:  success or failure  

 Probability of success is constant, say p 

This can be denoted by X~Binomial(n, p) 

A random variable X has a binomial distribution if it assumes only non-negative values and 
its probability mass function is given by ܲ(ܺ = (ݔ  = = ݔ ݎ݋݂,௡ି௫ݍ௫݌௫ܥ݊   0,1,2, . . .݊ 
where ݊ is number of trials, ݔ is number of success, p is probability of success. 

Examples:  

1. Number of Students passed in an examination. 
2. Number of defective items in a batch. 
3. Reliability of a machine. 
4. Number of companies achieved sales targets. 

Conditions of Binomial distribution:  

A random variable follows a Binomial Distribution only when the following conditions are 
satisfied:  

1. Trials are repeated under similar conditions for a fixed number of times i.e., ݊ times. 
2. Each trial has only two possible outcomes, either success or failure. 
3. The probability of success in each trial should be constant. 
4. The trials are independent. 

Measures of Binomial distribution 

Mean of the Binomial distribution:   

The binomial probability distribution is given by (ݔ)݌ =  ܲ(ܺ = (ݔ  =

= ݔ ݎ݋݂,௡ି௫ݍ௫݌௫ܥ݊   0, 1, 2, . . .݊ 

Mean of ܺ is given by ߤ = (ܺ)ܧ   =  ∑ ௡௫ ୀ ଴ݔ  (ݔ)݌

     =  0. ௡ݍ + ௡ିଵݍ݌ଵܥ݊.1 + .+௡ିଶݍଶ݌ଶܥ݊.2 . . . . .  ௡݌.݊+

 = ௡ିଵݍ݌݊  + 2.
݊(݊ − 1)

2!
௡ିଶݍଶ݌ + 3.

݊(݊ − 1)(݊ − 2)
3!

.+௡ିଷݍଷ݌ . .  ௡݌݊+
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 = ݌݊  ൤ݍ௡ିଵ + (݊ − ௡ିଶݍ݌(1 +
(݊ − 1)(݊ − 2)

2!
.+௡ିଷݍଶ݌ . .  ௡ିଵ൨݌+

 = ݍ)݌݊  +  ௡ିଵ(݌

 = (1)݌݊   =  ݌݊ 

Variance of the Binomial distribution:   

Variance of ܺ is given by ܸ(ܺ)  = (ଶܺ)ܧ  − ଶ((ܺ)ܧ)  =  ∑ ଶ௡௫ ୀ ଴ݔ (ݔ)݌ −  ଶߤ

     =  ∑ ݔ)ݔ) − 1) + ௡௫ ୀ ଴(ݔ (ݔ)݌ −   ଶߤ

                                                 =  ∑ ݔ)ݔ − (ݔ)݌(1 + ∑ ௡௫ ୀ ଴௡௫ ୀ ଴(ݔ)݌ݔ −  ଶߤ

     = ௡ିଶݍଶ݌ଶܥ݊.2]  + 3.2. .+௡ିଷݍଷ݌ଷܥ݊ . . .݊(݊ − [௡݌(1 + ߤ −  ଶߤ

 =  ቈ2.
݊(݊ − 1)

2!
௡ିଶݍଶ݌ + 6.

݊(݊ − 1)(݊ − 2)
3!

௡ିଷݍଷ݌ + ⋯+ ݊(݊
− ௡቉݌(1 + ߤ −  ଶߤ

 =  ݊(݊ − ௡ିଶݍ]ଶ݌(1 + (݊ − .+௡ିଷݍ݌(2 . . [௡ିଶ݌+ + ߤ − ∴ ଶߤ ܸ(ܺ)  =  ݊(݊ − ݍ)ଶ݌(1 + ௡ିଶ(݌ + ߤ −   ଶߤ

              =  ݊(݊ − ଶ(1)௡ିଶ݌(1 + ߤ −   ଶߤ

  =  ݊ଶ݌ଶ − ଶ݌݊ + ݌݊ − ݊ଶ݌ଶ  = 1)݌݊  − (݌ = = ߤ ݁ܿ݊݅ݏ ݍ݌݊      ݌݊ 

 

Mode of the Binomial distribution:  

Mode of the binomial distribution is the value of ݔ at which (ݔ)݌ has maximum value. 

Mode  =  ൝ integral part of (n + 1)p, if (n + 1)p is not an integer
 

(n + 1)p and (n + 1)p − 1, if (n + 1)p is an integer       
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Recurrence Relation for the Binomial distribution:  

Recurrence relation is a relation in which probability of  ݎ + 1 is expressed in terms 

probability of ݎ.  The recurrence relation for the binomial distribution is given by  

ݎ)ܲ + 1)  =  
(݊ − ݌(ݎ
ݎ) + ݍ(1  (ݎ)ܲ

Solved Problems 

1. A factory produces items with a 10% defect rate. If 4 items are selected, find the probability that 
exactly 1 is defective. 

Sol.  Let p be probability of defective item, p =  10% =  0.1 

and q be the probability of failure, then q =  0.9 

here n =  4,  Let x denotes the number of successes (in this case is a defective item) 

the probability that exactly 1 is defective in 4 items is given by P(X =  1) 

By definition, ܲ(ܺ = (ݔ  = = ݔ ݎ݋݂,௡ି௫ݍ௫݌௫ܥ݊   0,1,2, . . . ݊ 

Substituting n =  4, p =  0.1, q =  0.9 and x =  1 since we require exactly 1 is defective. ܲ(ܺ =  1)  = ଵ(0.1)ଵ(0.9)ସିଵܥ4   =  0.2916 

 

2. A student guesses answers to 6 multiple-choice questions (each has 4 options). Find the 
probability of getting exactly 2 correct. 

Sol.  Let p be probability of guessing correct answer, p =  ଵସ  =  0.25  

and q be the probability of failure, then q =  0.75 

here n =  6,  Let x denotes the number of successes (in this case is getting correct) 
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the probability of getting exactly 2 correct in 6 questions is given by P(X =  2) 

By definition, ܲ(ܺ = (ݔ  = = ݔ ݎ݋݂,௡ି௫ݍ௫݌௫ܥ݊   0,1,2, . . .݊ 

Substituting n =  6, p =  0.25, q =  0.75 and x =  2 since we require exactly 2 correct. ܲ(ܺ =  2)  = ଶ(0.25)ଵ(0.75)଺ିଶܥ6   =  0.2966 

 

3. A machine produces bolts with 95% accuracy. In a batch of 8 bolts, find the probability that 
at- least 7 are good. 

Sol. Let p be probability of producing accurate bolt, p = 95% = 0.95  

and q be the probability of getting defective bolt, then q =  0.05 

Since batch of 8 bolts are considered, here n =  8,   

Let x denotes the number of successes (in this case is a non-defective bolt) 

The probability of at least 7 are good in 8 bolts is given by P(X ≥ 7)  =  P(X =  7) + P(X =  8) 

By definition, ܲ(ܺ = (ݔ  = = ݔ ݎ݋݂,௡ି௫ݍ௫݌௫ܥ݊   0,1,2, . . .݊ 

Substituting n =  8, p =  0.95, q =  0.05 and x =  7, x =  8 since we require P(X ≥ 7). ܲ(ܺ ≥ 7)  =  ܲ(ܺ =  7) + ܲ(ܺ =  8) 

  = ଻(0.95)଻(0.05)଼ିଵܥ8  +  ଼ି଼(0.05)଼(0.95)଼ܥ8

 =  0.2793 + 0.6634 =  0.9427 

4. A system has 6 independent components, each working with probability 0.8. The system 
works if at least 5 components work. Find the system reliability. 

Sol. Let p be probability that the independent component work, p =  0.8 
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and q be the probability that the independent component fail to work, then q =  0.2 

Since system has 6 independent components, consider n =  6,   

Let x denotes the number of successes (in this case is independent component work) 

The probability of at least 5 components will work in 6 independent components is given by 

P(X ≥ 5)  =  P(X =  5) + P(X =  6) 

By definition, ܲ(ܺ = (ݔ  = = ݔ ݎ݋݂,௡ି௫ݍ௫݌௫ܥ݊   0,1,2, . . .݊ 

Substituting n =  6, p =  0.8, q =  0.2 and x =  5, x =  6 since we require P(X ≥ 5). ܲ(ܺ ≥ 5)  =  ܲ(ܺ =  5) + ܲ(ܺ =  6)  

                  = ହ(0.8)ହ(0.2)଺ିହܥ6  +   ଺(0.8)଺(0.2)଺ି଺ܥ6

                  =  0.393216 + 0.262144 =  0.65536  

5. A player has a 75% success rate in free throws. If he attempts 10 shots, find the probability that 

he makes (a) exactly 7 shots (b) at least 8 shots. 

Sol. Number of shots:  n = 10  

Probability of success (making a shot):  p = 0.75  

Probability of failure:  q = 0. 25  

Let x denotes the number of successes (in this case is successful shot) 

By definition, ܲ(ܺ = (ݔ  = = ݔ ݎ݋݂,௡ି௫ݍ௫݌௫ܥ݊   0,1,2, . . .݊ 

Probability of exactly 7 shots = ܲ(ܺ =  7)  = ଻(0.75)଻(0.25)ଵ଴ି଻ܥ10   =  0.2503 

Probability of at least 8 shots = ܲ(ܺ ≥ 8)  =  ܲ(ܺ =  8) + ܲ(ܺ =  9) + ܲ(ܺ =  10) 

 = ଵ଴ି଼(0.25)଼(0.75)଼ܥ10  + ଽ(0.75)ଽ(0.25)ଵ଴ିଽܥ10 +  ଵ଴(0.75)ଵ଴(0.25)ଵ଴ିଵ଴ܥ10

 =  0.2816 + 0.1877 + 0.0563 =  0.5256 

There is about 52.56% chance he makes 8 or more shots. 
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6. Four coins are tossed 160 times. The number of times ݔ heads occur is given below. 
 4 3 2 1 0 ݔ 

Number of times 
8 34 69 43 6 

 
Fit a binomial distribution to this data on the assumption that coins are unbiased. 
Sol. The coin is unbiased, probability of getting head is ݌ =  ଵଶ  and ݍ =  ଵଶ ܰ =  ෍ ௜݂  =  8 + 34 + 69 + 43 + 6 =  160 

By definition, ܲ(ܺ = (ݎ  = ௡ି௥ݍ௥݌௥ܥ݊  = ݎ ݎ݋݂,  0,1,2, . . .݊ 

and the recurrence relation is given by  

ݎ)ܲ + 1) =  
(݊ − ݌(ݎ
ݎ) + ݍ(1  (ݎ)ܲ 

 here ݊ = = ݎ ݀݊ܽ 4   0,1,2,3,4 

௣௤  =  ଵ/ଶଵ/ଶ  =  1,  

ܲ(0) =  ܲ(ܺ =  0) = ଴ܥ4  ൬1
2
൰଴ ൬1

2
൰ସ  =  ൬1

2
൰ସ = ݎ ݎ݋݂  0 

No. of 
heads 

R 

Observed 
frequency 

f 

Probability  p(x) Expected or Theoretical frequency 
f(x)  =  Np(x) 

0 8 ܲ(0)  =  ܲ(ܺ =  0)  =  ൬1
2
൰ସ 

݂(0)  =  160.ܲ(0)  =  160 ൬1
2
൰ସ  

=  10 
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1 34 
ܲ(1) =  ൬4 − 0

0 + 1
൰ܲ(ܺ =  0)  

=  
4
1
൬1

2
൰ସ  =  

1
4

 

݂(1)  =  160.ܲ(1)  =  160 ൬1
4
൰  

=  40 

2 69 
ܲ(2) =  ൬4 − 1

1 + 1
൰ܲ(ܺ =  1)  

=  
3
2

.
1
4

 =  
3
8

 

݂(2)  =  160.ܲ(2)  =  160 ൬3
8
൰  

=  60 

3 43 
ܲ(3)  =  ൬4 − 2

2 + 1
൰ܲ(ܺ =  2)  

=  
2
3

.
3
8

 =  
1
4

 

݂(3)  =  160.ܲ(3)  =  160 ൬1
4
൰  

=  40 

4 6 
ܲ(4) =  ൬4 − 3

3 + 1
൰ܲ(ܺ =  3)  

=  
1
4

.
1
4

 =  
1

16
 

݂(4)  =  160.ܲ(4)  =  160 ൬ 1
16
൰  

=  10 

7. Five dice are thrown 243 times. How many times do you expect at least two dice to show a 
4 or 5? 

Sol.      p =  Probability of occurrence of 4 or 5 in one throw =  ଶ଺  =  ଵଷ ∴ q =  1 − p =  1 − 1
3

 =  
2
3

, n =  5 

Let x denotes the number of successes (in this case is two dice to show a 4 or 5) 

The probability of getting at least two dice to show a 4 or 5 

 =  P(X ≥ 2)  =  P(X =  2) + P(X =  3) + P(X =  4) + P(X =  5) 

 =  5௖మ ൬1
3
൰ଶ ൬2

3
൰ଷ + 5௖య ൬1

3
൰ଷ ൬2

3
൰ଶ + 5஼ర ൬1

3
൰ସ ൬2

3
൰ଵ + 5஼ఱ ൬1

3
൰ହ 

 =  
1

3ହ [10 ⋅ 4 ⋅ 2 + 10 ⋅ 2 ⋅ 4 + 5 ⋅ 2 + 1] 

 =  
1

243
(80 + 80 + 10 + 1)  =  

171
243
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The expected number of such cases in 243 times 

 =  243 ൬171
243

൰  =  171 

 

 

Chebyshev’s Theorem:  

Let ܺ  be a random variable with mean ߤ and standard deviation. Then for any positive number ݇, the probability that value of ܺ lies in the interval (ߤ − ,ߪ݇ ߤ + ≤ is (ߪ݇ 1 − ଵ௞మ 
 That is, ܲ[ߤ − ߪ݇ ≤ ܺ ≤ ߤ + [ߪ݇ ≥ 1 − ଵ௞మ.  Or ܲ(|ܺ − |ߤ ≤ (ߪ݇ ≥ 1 − ଵ௞మ 
Its complement is, probability that X deviates from mean ߤ by atleast ݇ߪ is atmost ଵ௞మ. 

That is, ܲ(|ܺ − |ߤ ≥ (ߪ݇ ≤ ଵ௞మ 
Solved Problems 

1. A random variable X has a mean μ = 10 and a variance 2 = 9. Using Chebyshev’s theorem, find 

      a)  ܲ(4 < ܺ < 16)         b)    ܲ(|ܺ − 10| ≥ 6) 

Sol. G݅ߤ ݊݁ݒ = = ߪ,10   3;   

By Chebyshev’s theorem ܲ(ߤ − ߪ݇ < ܺ < ߤ + (ߪ݇ ≥ 1 − ଵ௞మ 
a)  ݁ݓ ݏܣ ℎܽߤ ݁ݒ + = ߪ݇ ߤ ݀݊ܽ  16  − = ߪ݇  4, = ݇ ݐ݁݃ ݁ݓ ݊݋݅ݐ݂݈ܽܿ݅݅݌݉݅ݏ ݊݋    2  

ܲ(4 < ܺ < 16) ≥ 1 − 1
2ଶ  =  

3
4

 

b) we have by complement of Chebyshev’s theorem, ܲ(|ܺ − |ߤ ≥ (ߪ݇ ≤ 1݇ଶ 
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ܲ(|ܺ − 10| ≥ 6) ≤ 1
2ଶ  =  

1
4

 

 

2. Suppose ܺ is a random variable with mean ߤ =  100 and standard deviation ߪ =  10. 

a) Find the conclusion one can derive from Chebyshev’s inequality for ݇ =  2 and ݇ =  3. 

b) Find an interval [ܽ, ܾ] about the mean ߤ =  100 for which the probability that ܺ lies in the 
interval is at least 99 percent. 

Sol. a) Setting ݇ =  2, we get  ߤ − = ߪ݇  100 − 2(10)  =  80, ߤ         + = ߪ݇  100 + 2(10)  =  120,   

  1 − ଵ௞మ  =  1 − ଵଶమ  =  ଷସ.  

Thus, from Chebshev’s inequality we can conclude that probability that ܺ  lies between 80 and 
120 is at least  ଷସ  . that is ܲ(80 < ܺ < 120) ≥ 1 − ଵଶమ  =  ଷସ 

Similarly for ݇ = ߤ  3  − = ߪ݇  100 − 3(10)  =  70, ߤ         + = ߪ݇  100 + 3(10)  =  130, 

we get ܲ(70 ≤ ܺ ≤ 130) ≥ 1 − ଵଷమ  =  ଽ଼. 

b) Here we set, 1 − ଵ௞మ  =  0.99 and Solve for ݇. This yields 

1 − 0.99 ≥ ଵ௞మ or  0.01 =  ଵ௞మ this implies ݇ =  10.  

Thus the desired interval is, 

[ܽ, ܾ]  = ߤ]  − ,ߪ݇ ߤ + [ߪ݇  =  [100 − 10(10), 100 + 10(10)]  =  [0,200]. 

3. Find the probability, using Chebyshev’s theorem that the number of driving licences X 
issued by Road Transport Authority ( R T A ) in a specific month is between 64 and 184 if 
the numbers of driving licenses issued is a random variable with  124 = ߤ and  7.5 = ߪ. 

Sol.  ܺ  = ߤ  −  ߪ݇
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for ܺ =  64,     64 = 124 – k (7.5)  

k = 8 ܺ  = ߤ  +  ߪ݇

for ܺ =  184,          184 = 124 + k (7.5) 

k = 8 

By Chebyshev’s theorem  ܲ(ߤ − ߪ݇ < ܺ < ߤ + (ߪ݇ ≥ 1 − ଵ௞మ 
or  ܲ(|ܺ − |ߤ ≤ (ߪ݇ ≥ 1 − ଵ௞మ 
   ܲ(64 < ܺ < 184) ≥ 1 − ଵ଼మ  =  0.984   

 

Exercise 

1. Suppose a random variable ܺ has the mean 25 = ߤ and standard deviation 2 = ߪ. Use 
Chebshev’s inequality to estimate (a) P(ܺ≤35)  (b) ܲ(ܺ≥20). 

2. Let ܺ be random variable with mean 40 = ߤ  and 5 = ߪ. Find the value of   for which 
(40−ܾ≤ܺ≤40+ܾ) ≥ 0.95. 

Answers 

1. a) 0.96     b) 0.84 

2. 23.4 

Poisson Distribution:  

Poisson distribution – Definition 

A random variable follows X a Poisson distribution if:  

 The experiment counts the number of occurrences of an event in a fixed interval (time, 

area, volume, etc.)  
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 The events occur independently 

 The average rate of occurrence is constant, say λ 

 Two events cannot occur simultaneously in a very small interval  

This can be denoted by X~Poisson (λ) 

A random variable ܺ has a Poisson distribution if it assumes only non-negative integer values 
0,1,2,.. and its probability mass function is given by  

ܲ(ܺ = (ݔ   =  
݁ିఒߣ௫ݔ!

= ݔ  ݎ݋݂    0,1,2. .. 

Where ߣ = average number of occurrences (mean rate), ݔ = number of occurrences and ݁ = 
Euler’s constant (≈ 2.718) 

 

Application of Poisson Distribution 

Poisson distribution could be used to predict:  

• Text messages per hour 

• Machine malfunctions per year 

• Website visitors per month 

• Influenza cases per year 

• Number of Telephone calls per minute 

• Number of misprints per page etc. 

Mean of the Poisson distribution:   

Let X ∼ Poisson(λ) 
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P(X =  x)  =  
eି஛λ୶

x!
, x =  0,1,2, … 

Mean of Poisson distribution μ =  E(X)  =  ෌ x ⋅ P(X =  x)ஶ୶ ୀ ଴  

 =  ෍ x ⋅ஶ
୶ ୀ ଴

eି஛λ୶
x!

 

 =  eି஛෎ xλ୶
x!

ஶ
୶ ୀ ଵ  

 =  eି஛෎ λ୶
(x − 1)!

ஶ
୶ ୀ ଵ  

Let y =  x − 1 

μ =  E(X)  =  eି஛෎λ୷ାଵ
y!

ஶ
୷ ୀ ଴  =  λeି஛෎λ୷

y!

ஶ
୷ ୀ ଴  =  λeି஛e஛  =  λ 

∴ μ =  λ 

Variance of the Poisson distribution:   

σଶ  =  E(Xଶ) − [E(X)]ଶ 
 

First find E[X(X − 1)] 

E[X(X − 1)]  =  ∑x(x − 1)P(X =  x) 

 =  eି஛෎ x(x − 1)λ୶
x!

ஶ
୶ ୀ ଶ  

 =  eି஛෎ λ୶
(x − 2)!

ஶ
୶ ୀ ଶ  

Let y =  x − 2 
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E[X(X − 1)]  =  eି஛෎λ୷ାଶ
y!

ஶ
୷ ୀ ଴  =  λଶeି஛෎λ୷

y!

ஶ
୷ ୀ ଴   =  λଶ 

Now, 

E(Xଶ) =  E[X(X − 1)] + E(X) 
                                                          =  λଶ + λ σଶ  =  E(Xଶ) − [E(X)]ଶ 
                                                          =  (λଶ + λ) − λଶ  

                                                     σଶ =  λ 

 
Solved Problems 

1. 3% of the items of a factory are defective. The items are packed in a box of 200 items. 
What is the probability that there will be 
(i) 1 defective item 
(ii) at most two defective items. 

Sol.  

Given p = probability of defective item  = 3% =  0.03 and n =  200 ∴ Mean  = λ =  np =  (0.03)(200)  =  6 
Let x denotes the number of successes (in this case it is defective item) 

Now the Poisson distribution is 

P(X =  x)  =  
eି஛λ୶

x!
 =  

eି଺6୶
x!

 

(i) p(x =  1)  =  ୣషల଺భଵ!
 =  6eି଺  =  0.0149 

(ii) p(at most 2)  =  p(x ≤ 2) 

 =  p(0) + p(1) + p(2) 

 =  eି଺ ቂ଺బ଴!
+ ଺భଵ!

+ ଺మଶ!
ቃ 

 =  eି଺[1 + 6 + 18]  =  25eି଺  =  0.0619 
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2. The average number of accidents on a highway is 2 per day. Find the probability that 
on a given day there are 
(i) exactly 2 accidents 
(ii) more than 2 accidents. 

Sol. Average number of accidents on a highway λ =  2 

Let x denotes the number of successes (in this case it is number of accidents on a highway) 

P(X =  x)  =  
eିଶ2୶

x!
 

 

(i) p(x =  2)  =  ୣషమଶమଶ!
 =  ସଶ eିଶ  =  2eିଶ  =  0.2707 

 

(ii) p(more than 2)  =  p(x > 2)  =  1 − [p(0) + p(1) + p(2)] 

 =  1 − eିଶ ቂଶబ଴!
+ ଶభଵ!

+ ଶమଶ!
ቃ 

 =  1 − eିଶ(1 + 2 + 2)  =  1 − 5eିଶ 
 =  1 − 0.6767 =  0.3233 

 
3. A typist makes on an average 3 errors per page. Find the probability that a page 
contains 
(i) no errors 
(ii) at most one error. 

Sol. The average number of errors per page λ =  3 

Let x denotes the number of successes (in this case it is errors per page) 

P(X =  x)  =  
eିଷ3୶

x!
 

 

(i) p(X =  0)  =  eିଷ  =  0.0498 



 

69 | P r o b a b i l i t y  T h e o r y ,  S t a t i s t i c a l  I n f e r e n c e ,  a n d  S t o c h a s t i c  P r o c e s s e s  

 

(ii) p(at most 1) = p(x ≤ 1) 

                         =  eିଷ ቂଷబ଴!
+ ଷభଵ!

ቃ  
                         =  eିଷ(1 + 3)  =  4eିଷ  =  0.1992  

 
4. The average number of calls received at a call center is 5 per hour. Find the probability 
that in a given hour there are 
(i) exactly 4 calls 
(ii) at least 3 calls. 

Sol. The average number of calls received at a call center is λ =  5 per hour 

Let x denotes the number of successes (in this case it is number of calls received at a call 
center) 

P(X =  x)  =  
eିହ5୶

x!
 

 

(i) p(x =  4)  =  ୣషఱହరସ!
 =  ଺ଶହଶସ eିହ  =  0.1755 

(ii) p(at least 3) = p(x ≥ 3) = 1 − eିହ ቂହబ଴!
+ ହభଵ!

+ ହమଶ!
ቃ 

 =  1 − eିହ(1 + 5 + 12.5)  =  1 − 18.5eିହ 
 =  1 − 0.1247 =  0.8753 

 
5. A book contains misprints with an average of 1.5 per page. Find the probability that a 
page contains 
(i) exactly 1 misprint 
(ii) not more than 2 misprints. 

Sol. Average number of misprints in a book is λ =  1.5 per page. 

Let x denotes the number of successes (in this case it is number of misprints in a book) 

 

P(X =  x)  =  
eିଵ.ହ(1.5)୶

x!
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(i) p(x =  1)  =  ୣషభ.ఱ(ଵ.ହ)భଵ!
 =  1.5eିଵ.ହ  =  0.3347 

(ii) p(not more than 2) = p(x ≤ 2) 

 =  eିଵ.ହ ቂ൫ଵ.ହ)బ଴!
+ ൫ଵ.ହ)భଵ!

+ ൫ଵ.ହ)మଶ!
ቃ 

 =  eିଵ.ହ(1 + 1.5 + 1.125)  =  3.625eିଵ.ହ 
 =  0.8088 

 
6. If  X follows Poisson distribution and P(X =  2)  =  P(X =  3), find the mean and 
variance of the distribution. 

Sol        P(X =  x)  =  ୣషಓ஛౮୶!
 

 

Given     P(2)  =  P(3) 
eି஛λଶ

2!
 =  

eି஛λଷ
3!

 

Cancel eି஛:  λଶ
2

 =  
λଷ
6

 

3λଶ  =  λଷ λ =  3 ∴ Mean =  λ =  3 ∴ Variance =  λ =  3 

7. If the ratio  ୔(ଡ଼ ୀ ଵ)
 ୔(ଡ଼ ୀ ଷ)

 =  ଷଶ. Find the mean and variance. 

Sol. Given ୔(ଡ଼ ୀ ଵ)
 ୔(ଡ଼ ୀ ଷ)

 =  ଷଶ 
ୣషಓ஛భଵ!ୣషಓ஛యଷ!

 =  
3
2

 λλଷ/6
 =  

3
2

 

6λଶ  =  
3
2
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12 =  3λଶ λଶ  =  4 ⇒ λ =  2 ∴ Mean =  2  and Variance = 2. 

8. If  P(X =  0) + P(X =  1)  =  2P(X =  2). Find the mean and variance. 

Sol. Given  P(X =  0) + P(X =  1)  =  2P(X =  2) 

P(0) =  eି஛, 

         P(1) =  λeି஛, 

          P(2)  =  ஛మଶ eି஛ 

eି஛ + λeି஛  =  2 ⋅ λଶ
2

eି஛ 

 
Cancel eି஛:     1 + λ =  λଶ λଶ − λ − 1 =  0 λ =  

1 + √5
2

≈ 1.618 

 ∴ Mean =  1.618 ∴ Variance =  1.618 

9. Fit a Poisson distribution to the following data and find the expected frequencies. 

x (No. of defects) 0 1 2 3 4 

f   (Frequency) 30 50 40 20 10 

Sol.  

N =  ∑f =  30 + 50 + 40 + 20 + 10 =  150 ∑fx =  (0)(30) + (1)(50) + (2)(40) + (3)(20) + (4)(10) 
 =  0 + 50 + 80 + 60 + 40 =  230 
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∴ λ =  
∑fx∑f

 =  
230
150

 =  1.53 

Now 

P(X =  x)  =  
eିଵ.ହଷ(1.53)୶

x!
 

Using recurrence:  

P(0)  =  eିଵ.ହଷ  =  0.216 

P(1)  =  P(0)
1.53

1
 =  0.216 × 1.53 =  0.330 

P(2)  =  P(1)
1.53

2
 =  0.252 

P(3)  =  P(2)
1.53

3
 =  0.129 

P(4)  =  P(3)
1.53

4
 =  0.049 

Expected frequencies:  E(x)  =  NP(x) 

X P(x) Expected 
Frequency 

0 0.216 32.4 

1 0.33 49.5 

2 0.252 37.8 

3 0.129 19.35 

4 0.049 7.35 
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Exercise  

1. The average number of defects in a fabric roll is 2 per roll. Find the probability that a roll 
has 
(i) no defects 
(ii) at most 2 defects. 

2. A telephone exchange receives on an average 4 calls per minute. Find the probability that 
in a given minute there are 
(i) exactly 3 calls 
(ii) more than 2 calls. 

3. The average number of misprints on a page is 1. Find the probability that a page contains 
(i) exactly 2 misprints 
(ii) at least one misprint. 

4. The number of accidents in a factory follows Poisson distribution with mean 3 per week. 
Find the probability that in a week there are 
(i) no accidents 
(ii) at most 1 accident. 

5. A typist makes on an average 2 errors per page. Find the probability that a page contains 
(i) exactly 1 error 
(ii) not more than 2 errors. 

6. The average number of customers arriving at a shop is 5 per hour. Find the probability 
that in a given hour there are 
(i) exactly 6 customers 
(ii) at least 4 customers. 

Answers:   

1 (i) 0.1353 (ii) 0.6767 

2 (i) 0.1954 (ii) 0.7619 

3(i) 0.1839 (ii) 0.6321 

4(i) 0.0498 (ii) 0.1992 

5(i) 0.2707 (ii) 0.6767 
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6(i) 0.1462 (ii) 0.7350 

Poisson Process 

A Poisson process is a model for a series of discrete events where the average time between 
events is known, but the exact timing of events is random. Its criteria is 

• Events are independent of each other.  

• The average rate (events per time period) is constant. 

• Two events cannot occur at the same time 

If ݉ is the average number of outcomes per unit time then the probability of number of 
outcomes occurring in a given time interval t, is given by  

,ݔ)ܲ (ߣ  =  
݁ିఒ(ߣ)௫ݔ!

 

Where ߣ =  ݉ ∗  ݐ
 

Solved Problems 

1. A person receives on average 3 e-mails per hour. 
a) What is the probability that he will receive 5 e-mails over a period two hours? 
b) What is the probability that he will receive more than 2 e-mails over a period two 
hours? 

Sol.  

We are given the average per hour ݉ =  3. We therefore need to find the average ߣ over a period 
of two hours. 

= ߣ   3 ∗ 2 =  6, e-mails over 2 hours 

a) The probability that he will receive 5 e-mails over a period two hours is given by the Poisson 
probability formula 
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,ݔ)ܲ (ߣ  =  
݁ିఒ(ߣ)௫ݔ!

 

= ݔ)ܲ  5)  =  ௘షల(଺)ఱହ!
 =  0.1606. 

b) More than 2 e-mails,  ܲ(ܺ > 2)  = = ݔ)ܲ   3) + = ݔ)݌  4) + = ݔ)݌  5) + ⋯ ܲ(ܺ > 2)  =  1 − ൫ܲ(ܺ =  0) + ܲ(ܺ =  1) + = ܺ)݌  2)൯ 
ܲ(ܺ > 2)  =  1 − ቆ݁ି଺6଴

0!
+
݁ି଺6

1!
+
݁ି଺6ଶ

2!
ቇ  =  0.938 

 

Exercise 

1. If a bank receives on the average 6 bad cheques per day, what are the probabilities that it 
will receive 

(a) 4 bad cheques on any given day? 
(b) 10 bad cheques over any 2 consecutive days? 

2. During inspection of continuous process of making large rolls of floor coverings, 0.5 
imperfections are spotted per minute on average. Use the Poisson distribution to find the 
probabilities 

 (a)  One imperfection in 4 minutes. 

 (b)  At least two in 8 minutes 

 (c)   At most one in 10 minutes 

Answers 

1. a) 0.134  b) 0.105 

2. a) 0.2707  b) 0.9085  c) 0.0404 
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Normal Distribution 

A Normal Distribution (also called Gaussian distribution) is a continuous probability 

distribution that is symmetric about its mean, where most of the observations cluster 

around the central peak and probabilities for values further away from the mean taper off 

equally in both directions. 

Mathematical Definition 

A random variable X is said to follow a normal distribution if its probability density function 

(PDF) is:  

f(x)  =  
1σ√2π   eି൬x−μ)ଶమಚమ ,−∞ < ݔ < ∞ 

where:  

 μ  = Mean  

 σ  = Standard deviation  

 σଶ  = Variance 
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Key Properties of Normal distribution:  

1. Shape and Symmetry:  The normal distribution has a bell-shaped curve. It is perfectly 

symmetric about its center. The left and right halves are mirror images. 

2. Mean, Median and Mode:  In a normal distribution, Mean = Median = Mode. All three lie at 

the center (peak) of the curve. This indicates no skewness. 

3. Total Area Under the Curve:  The total area under the curve is 1 (or 100%). This represents 

the total probability. The curve extends from −∞ to +∞, but most values cluster near the mean. 

4. Empirical Rule (68–95–99.7 Rule):  About 68% of data lies within 1 standard deviation (σ) of 

the mean. About 95% lies within 2σ. About 99.7% lies within 3σ. 

 
5. Defined by Two Parameters:  A normal distribution is completely determined by:  

 Mean (μ) → determines the location (center) 

 Standard deviation (σ) → determines the spread (width) 

6. Standard Normal Distribution:  A special case where Mean μ = 0 and Standard deviation σ = 
1. Values are converted using ܼ =  ௑ିఓఙ . Used for probability calculations via Z-tables. 

7. Skewness and Kurtosis:  Skewness = 0 → perfectly symmetric and Kurtosis = 3 → called 

mesokurtic (moderate peak). 

8. Infinite Tails (Asymptotic Nature):  The curve extends indefinitely but never touches the x-

axis. Extreme values are possible but very rare. 
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Examples of Normal distribution:   

1. Heights of People 

 Heights of adults in a population often follow a normal distribution  

 Most people are of average height, few are very short or very tall  

 2. Marks in an Examination 

 In many exams, student marks form a bell-shaped curve  

 Most students score average marks, few score very high or very low  

3. Measurement Errors 

 Errors in scientific measurements tend to be normally distributed  

 Small errors occur frequently, large errors are rare  

Measures of Normal distribution 

Consider a random variable X ∼ N(μ,σଶ)with probability density function:  

f(x)  =  
1σ√2π  eି൬x−μ)ଶమಚమ ,−∞ < ݔ < ∞ 

1. Mean of Normal Distribution:  
The mean is defined as:  

E(X)  =  න xf(x) dx
ஶ
ିஶ  

 
Substitute f(x):  

E(X)  =  න x
ஶ
ିஶ 1σ√2π eି൬x−μ)ଶమಚమ dx 

Transformation 
Let:  

z =  
x − μσ ⇒ x =  μ + σz, dx =  σdz 
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Then:  

E(X)  =  න (μ + σz)
ஶ
ିஶ 1√2π eି౰మమ dz 

Split the integral:  

E(X)  =  μන 1√2πஶ
ିஶ eି౰మమ dz + σන z

ஶ
ିஶ 1√2π eି౰మమ dz 

 

Since න ଵ√ଶ஠ஶ
ିஶ eି୸మ/ଶdz =  1  

and ∫ zஶିஶ ଵ√ଶ஠ eି୸మ/ଶdz =  0(odd function)  
we get     E(X)  =  μ(1) + σ(0)  =  μ 

 
 
2. Variance of Normal Distribution:  
Variance is:  

Var(X)  =  E[(X − μ)ଶ]  
                          =  ∫ (x − μஶିஶ )ଶf(x) dx  
 

Substitute PDF:  

                                      =  ∫ (x − μஶିஶ )ଶ ଵ஢√ଶ஠ eି൬x−μ)ଶమಚమ dx  
Using substitution:  

 
z =  ୶ିஜ஢ ⇒ (x − μ)  =  σz, dx =  σdz  

 Var(X)  =  ∫ (σzஶିஶ )ଶ ଵ√ଶ஠ eି୸మ/ଶdz  

             =  σଶ ∫ zଶஶିஶ ଵ√ଶ஠ eି୸మ/ଶdz  
Standard Result:  න zଶஶ

ିஶ 1√2π eି୸మ/ଶdz =  1 

 
Thus:  

Var(X) =  σଶ 

Mode of a Normal Distribution: 

Consider a continuous random variable ܺ following a normal distribution with mean ߤ and 
standard deviation ߪ. Its probability density function is:  
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(ݔ)݂  =  
ߨ2√ߪ1 exp ቆ− ݔ) − ଶ(ߤ

ଶߪ2 ቇ 

Step 1:  Definition of Mode 

The mode is the value of ݔ at which the function ݂(ݔ) attains its maximum value. 

Step 2:  First Derivative 

To find the maximum, differentiate ݂(ݔ) with respect to ݔ݀(ݔ)݂݀  :ݔ  =  
ߨ2√ߪ1 ⋅ ݔ݀݀ exp ቆ− ݔ) − ଶ(ߤ

ଶߪ2 ቇ 

 

 

Using chain rule:  ݂݀(ݔ)݀ݔ  =  
ߨ2√ߪ1 ⋅ exp ቆ− ݔ) − ଶ(ߤ

ଶߪ2 ቇ ⋅ ൬−2(ݔ − (ߤ
ଶߪ2 ൰ ݂݀(ݔ)݀ݔ  =  

ߨ2√ߪ1 ⋅ exp ቆ− ݔ) − ଶ(ߤ
ଶߪ2 ቇ ⋅ ቀ− ݔ − ଶߪߤ ቁ 

Step 3:  Critical Point 

Set the derivative equal to zero:  ݂݀(ݔ)݀ݔ  =  0 

 

Since exponential terms are never zero, we get:  ݔ − = ߤ  0 ⇒ = ݔ  ߤ 
Step 4:  Second Derivative Test 

To confirm maximum, compute second derivative:  ݀ଶ݂(ݔ)݀ݔଶ < 0at ݔ =  ߤ 

This shows that ݂(ݔ) has a maximum at ݔ =  .ߤ 
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Median of a Normal Distribution 

Consider a continuous random variable ܺ ∼   :with probability density function(ଶߪ,ߤ)ܰ

(ݔ)݂  =  
ߨ2√ߪ1 exp ቆ− ݔ) − ଶ(ߤ

ଶߪ2 ቇ 

 

Step 1:  Definition of Median 

The median ܯ is the value that satisfies:  

ܲ(ܺ ≤ (ܯ  =  
1
2

 

That is, ∫ ெିஶ = ݔ݀ (ݔ)݂ ଵଶ 
 

Step 2:  Standardization 

Let ܼ =  ௑ିఓఙ  

Then, ܲ(ܺ ≤ (ܯ  =  ܲ ቀܼ ≤ ெିఓఙ ቁ 

 

So, 

න  = ݔ݀ (ݔ)݂
ெ
ିஶ න ಾషഋ഑ିஶߨ2√1 ݁ି௭మ/ଶ ݀ݖ 

 

Step 3:  Use Symmetry of Standard Normal Distribution 

The standard normal distribution is symmetric about ݖ =  0, hence:  

ܲ(ܼ ≤ 0)  =  
1
2
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So we must have    ெିఓఙ  =  0 
 

Step 4:  Solve for Median ܯ − = ߤ  0 ⇒ = ܯ  ߤ 
For a normal distribution:  

Mean =  Median =  Mode =  ߤ 
 

This occurs because the normal curve is perfectly symmetric about its mean. 

Solved Problems 

1. The average on a Machine Learning test was 78 with a standard deviation of 8.  If the test 
scores are normally distributed, find the probability that a student receives a test score less than 
90. 
Sol.   Let X ∼ N(μ,σଶ) 
Given average on a Machine Learning was 78 with a 

standard deviation of 8 

To find P(x < 90) 

Z =  
90 − μσ  =  

90 − 78
8

 =  1.5 

P(x < 90) = P(z < 1.5) = 0.5 + P(z = 1.5) 

  = 0.5 +  0.4332   

  = 0.9332 

The probability that a student receives a test score less than 90 is 0.9332.   

 
2. For an exam, average score was 78 with a standard deviation of 8.  If the exam scores are 
normally distributed, find the probability that a student receives a test score between 60 and 80. 
Sol.  Let X ∼ N(μ,σଶ) 
Given μ =  78,σ =  8 
 
 
To find, P(60 < X < 80) 
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Convert to Z:  

Zଵ  =  
60 − μσ  =  

60 − 78
8

 =  −2.25 

Zଶ  =  
80 − μσ  =  

80 − 78
8

 =  0.25 

 

 
 
 
 
P(60 < X < 80 =  P(−2.25 < Z < 0.25) 
 
                            = 0.5865 
The probability that a student receives a test score between 60 and 80 is 0.5865. 
 
3. In a normal distribution, given mean is 16.2 and variance is 1.5625. Find the probabilities that 
X takes on value  a) >16.8         b) <14.9       c) between 13.6 and 18.8. 
Sol.  Let X ∼ N(μ,σଶ) 
Given μ =  16.2,σ =  1.25 
 ܽ) ܲ(ܺ > = ݖ (16.8  

ݔ − ߪߤ  =  
16.8 − 16.2

1.25
 =  0.48 ܲ(ܺ > 16.8)  =  ܲ(ܼ > 0.48)  =  1 − ܲ(ܼ < 0.48)  =  0.3156 

 ܾ) ܲ(ܺ < = ݖ (14.9  
ݔ − ߪߤ  =  

14.9 − 16.2
1.25

 =  −1.04 ܲ(ܺ < 14.9)  =  ܲ(ܼ < −1.04)  =  0.149 
 ܿ) ܲ(13.6 < ܺ < ଵݖ (18.8  =  

ݔ − ߪߤ  =  
13.6 − 16.2

1.25
 =  −2.08 

60 80 8μ = 78 x

μ  = 0    0.25 z
-2.25 
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ଶݖ  =  
ݔ − ߪߤ  =  

18.8 − 16.2
1.25

 =  2.08 

 ܲ(13.6 < ܺ < 18.8)  =  ܲ(ܼ < 2.08) − ܲ(ܼ < −2.08) 
                                        = 0.9812 − 0.0188 =  0.9624 
 
4. In a normal distribution, 25% of the items are less than 40 and 10% are greater than 70. Find 
the mean and standard deviation. 
 
Sol.  Let X ∼ N(μ,σଶ) 
Given:  

P(X < 40)  =  0.25,ܲ(ܺ > 70)  =  0.10 
 

 
Convert to Z:  

Zଵ  =  
40 − μσ , P(Z < Zଵ)  =  0.25 ⇒ Zଵ  =  −0.674 

Zଶ  =  
70 − μσ , P(Z < Zଶ)  =  0.90 ⇒ Zଶ  =  1.28 

 
40 − μσ  =  −0.674                                (1) 
70 − μσ  =  1.28                                       (2) 

 
Solve:  

(70 − μ) − (40 − μ)  =  1.28σ + 0.674σ 
30 =  1.954σ ⇒ σ =  15.35 

 
Substitute:  
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40 − μ =  −0.674(15.35) ≈ −10.35 μ =  50.35 
 
 
5. In a normal distribution, 60% of the items lie between 30 and 50, and the distribution is 
symmetric. Find mean and standard deviation. 
 
Sol.  
Since symmetric:  μ =  

30 + 50
2

 =  40 

 
Given:  

P(30 < ܺ < 50)  =  0.60 

 
 
So:  

P(−z < ܼ < (ݖ  =  0.60 ⇒ P(0 < ܼ < (ݖ  =  0.30 
From tables:  

z =  0.84 
 
Thus:  

50 − 40σ  =  0.84 ⇒ 10σ  =  0.84 σ =  11.90 
6.  In a normal distribution, 20% of items are less than 35 and 50% of items are less than 50. Find 
mean and standard deviation. 
 
Sol. 
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Since:  
P(X < 50)  =  0.5 ⇒ μ =  50 

 
Given:  

P(X < 35)  =  0.20 

Z =  
35 − 50σ  =  

−15σ  

 
 

From table:  
P(Z < −0.84)  =  0.20 ⇒ Z =  −0.84 

Thus:  −15σ  =  −0.84 ⇒ σ =  
15

0.84
 =  17.86 

 
7. In a normal distribution, 20% of the items are less than 30 and 5% are greater than 60. Find 
the mean and standard deviation. 
Sol.  Given:  

P(X < 30)  =  0.20,ܲ(ܺ > 60)  =  0.05 
Let X ∼ N(μ,σଶ) 
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Step 1:  Convert to Z 

Zଵ  =  
30 − μσ , P(Z < Zଵ)  =  0.20 ⇒ Zଵ  =  −0.84 

Zଶ  =  
60 − μσ , P(Z < Zଶ)  =  0.95 ⇒ Zଶ  =  1.645 

 
 
Step 2:  Form equations 

30 − μσ  =  −0.84(1) 
60 − μσ  =  1.645(2) 

 
Step 3:  Solve 

30 =  (1.645 + 0.84)σ =  2.485σ ⇒ σ =  12.07 
30 − μ =  −0.84(12.07)  =  −10.14 ⇒ μ =  40.14 

 
 Answer:  μ ≈ 40.14,σ ≈ 12.07  
7. In a normal distribution, 15% of the items are less than 45 and 10% are greater than 80. Find 
the mean and standard deviation. 
Sol.   
Given 

P(X < 45)  =  0.15 ܲ(ܺ > 80)  =  0.10 
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Zଵ  =  −1.04, Zଶ  =  1.28 

 
45 − μσ  =  −1.04                                              (1) 
80 − μσ  =  1.28                                                 (2) 

 
35 =  (1.28 + 1.04)σ =  2.32σ ⇒ σ =  15.09 

 
45 − μ =  −1.04(15.09)  =  −15.69 ⇒ μ =  60.69 

 
 
8. Marks of 800 students are normally distributed with mean μ =  60 and standard deviation 
 σ =  10. Find:  
(i) Number of students scoring above 75 
(ii) Highest marks of the lowest 20% students 
(iii) Limits of the middle 60% students 
 
Sol.  

(i)    P(X > 75) 
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Z =  
75 − 60

10
 =  1.5 

P(Z < 1.5)  =  0.9332 ⇒ P(X > 75)  =  1 − 0.9332 =  0.0668 
Students =  0.0668 × 800 =  53 

 
 
 
 (ii) Lowest 20% 

 
P(Z < (ݖ  =  0.20 ⇒ z =  −0.84 
x =  μ + zσ =  60 − 0.84(10)  =  51.6 

 
 
(iii) Middle 60%       
Remaining tails = 40% → each tail = 20% 
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z =  ±0.84 
x =  60 ± 0.84(10)  =  60 ± 8.4 
Limits:  (51.6,  68.4) 

 

9. IQ scores of 1000 students follow N(100, 15ଶ). Find:  
(i) Number scoring above 130 
(ii) Lowest 5% cutoff 
(iii) Range of middle 90% 

Sol (i) Number scoring above 130 

 

Z =  
130 − 100

15
 =  2 
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P(X > 130)  =  1 − 0.9772 =  0.0228 

                                                                    =  0.0228 × 1000 =  23 

(ii) Lowest 5% cutoff 

 
P(Z < (ݖ  =  0.05 ⇒ z =  −1.645 

 
x =  100 − 1.645(15)  =  75.33 

(iii) Middle 90% → tails 5% each 

 
z =  ±1.645 
x =  100 ± 1.645(15) =  100 ± 24.675 

The x lies between (75.33 , 124.67) 
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10. Scores of 600 students follow N(50, 5ଶ). Find the following for the given information:  
(i) Number scoring above 60 
(ii) Lowest 10% cutoff 
(iii) Middle 80% limits 
Sol. (i) Number scoring above 60 

 
For ܺ =  60,  we get Z =  ଺଴ିହ଴ହ  =  2 

P(X > 60)  =  P(Z > 2)  =  0.5 − P(0 < ܼ < 2)  =  0.5 − 0.4772 =  0.0228 
 
The number of students scoring above 60 is  = P(Z > 2)x600 =  0.0228 × 600 =  14 
(ii) Lowest 10% cutoff 

 
z =  −1.28 
x =  50 − 1.28(5)  =  43.6 

iii) Middle 80% limits 
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P(Z < (1ݖ  =  0.10 then by using Z-tables, we get z1 = -1.28 
P(Z > (2ݖ  =  0.10 then by using Z-tables, we get z2 = 1.28 

 
For z =  ±1.28, x =  50 ± 6.4 
The range of x is (43.6 , 56.4). 
 
 
Exercise:  
1. In a normal distribution, 30% of the items are less than 45 and 15% are greater than 75. Find 
the mean and standard deviation. 
2. In a normal distribution, 25% of the items are less than 32 and 5% are greater than 68. Find 
the mean and standard deviation. 
3. In a normal distribution, 10% of the items are greater than 90 and 20% are less than 50. Find 
the mean and standard deviation. 
4. In a normal distribution, 40% of the items lie between 48 and 72 symmetrically. Find the mean 
and standard deviation. 
5. In a normal distribution, 50% of the items are less than 65 and 20% are less than 45. Find the 
mean and standard deviation. 
6. In a normal distribution, 15% of the items are less than 28 and 10% are greater than 64. Find 
the mean and standard deviation. 
7. The marks of 1000 students are normally distributed with mean 60 and standard deviation 
12. Find: (i) Number of students scoring above 72 
(ii) Lowest 10% cutoff marks  (iii) Limits of middle 80% students  8. IQ scores of 800 students are normally distributed with mean 100 and standard deviation 20. 
Find: (i) Number scoring above 130  (ii) Lowest 5% cutoff (iii) Range of middle 90%  
9. The weights of 600 students are normally distributed with mean 55 kg and standard 
deviation 8 kg. Find: (i) Number weighing above 63 kg 
(ii) Lowest 20% cutoff weight  (iii) Middle 60% limits  
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10. The heights of 1200 students are normally distributed with mean 165 cm and standard 
deviation 10 cm. Find: (i) Number taller than 180 cm 
(ii) Shortest height among top 10% students (iii) Middle 50% limits  
11. A factory produces bulbs whose life is normally distributed with mean 900 hours and 
standard deviation 120 hours. Find: (i) Number lasting above 1050 hours out of 2000 bulbs (ii) 
Lowest 5% lifetime (iii) Middle 90% lifetime range  
12. The scores of 500 students are normally distributed with mean 70 and standard deviation 
15. Find: (i) Number scoring below 50 (ii) Highest marks of lowest 25% students (iii) 
Middle 70% limits  

 
Answers:  
 
1. μ  = 55.08, σ = 19.23.  2. μ = 42.46.9, σ =  15.52 3. μ  = 65.86, σ  = 18.84 
4. μ  = 60, σ  = 22.90  5. μ  = 65, σ  = 23.76  6. μ  = 44.09, σ  = 15.53  
7. (i) 159 students,   (ii) 44.62,    (iii) 44.62 to 75.38 
8. (i) 54 students,  (ii) 67.1,   (iii) 67.1 to 132.9 
9. (i) 95 students,  (ii) 48.27 kg,   (iii) 48.27 kg to 61.73 kg 
10. (i) 80 students,  (ii) 177.8 cm,   (iii) 158.25 cm to 171.75 cm 
11. (i) 211 bulbs,  (ii) 702.6 hours  (iii) 702.6 hours to 1097.4 hours 
12. (i) 46 students,  (ii) 59.88,   (iii) 54.45 to 85.55 

Normal Approximation to a Binomial Distribution 

If np  15 and nq 15, then the binomial random variable x is approximately normally distributed 
with mean μ =  np,σ =  ඥ݊ݍ݌ 
Then the standard normal random variable is  z =  ୶ିஜ஢  =  ୶ି୬୮√௡௣௤ 

 
Correction for Continuity:   
 
Since the binomial distribution is discrete and the normal distribution is continuous, a continuity 
correction is applied. This involves adjusting the discrete binomial probability by 0.5 in either 
direction to account for the continuous nature of the normal distribution. 
When approximating  
 
(ܺ≤݇), use (ܺ≤݇+0.5) 

(ܺ<݇), use (ܺ<݇−0.5) 

(ܺ≥݇), use (ܺ≥݇−0.5) 

(ܺ>݇), use (ܺ>݇+0.5). 
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Solved Problems 

1. If 62% of all clouds seeded with silver iodide show spectacular growth, What is the probability 

that among 40 clouds seeded with silver iodide at most 20 will show spectacular growth? 

Sol.  ݁ݎ݁ܪ  ݊ =  40, = ݌     0.62, = ݍ    0.38,    

= ߤ                      = ݌݊   24.8, ଶߪ     = = ݍ݌݊   9.424, = ߪ    = ݌݊ 3.0699   24.8 ≥ = ݍ݊ ݀݊ܽ  15  15.2 ≥ 15 

Therefore, we will use normal approximation to binomial distribution. ܲ(ݔ ≤ 20.5)  = ? 

ܹℎ݁݊  ݔ =  20.5,   ܼ =  
ݔ − ߪߤ  =  

20.5 − 24.8
3.0699

 =  −1.40 

∴ ݔ)ܲ  ≤ 20.5)  =  ܲ(ܼ ≤ −1.40) = 0.0808 

2. Thirty-one percent of the seniors in a certain high school plan to attend college.  If 50 students 

are randomly selected, find the probability that less than 14 students plan to attend college. 

Sol.  ݁ݎ݁ܪ  ݊ =  50, = ݌     0.31, = ݍ    0.69,    

= ߤ   = ݌݊   (50)(0.31)   =  15.5,   

ଶߪ    = = ݍ݌݊   10.6929, = ߪ    = ݌݊ 3.27   15.5 ≥ = ݍ݊ ݀݊ܽ  15  34.5 ≥ 15 

Therefore, we will use normal approximation to binomial distribution. ܲ(ݔ ≤ 13.5)  = ? 

ܹℎ݁݊  ݔ =  13.5,   ܼ =  
ݔ − ߪߤ  =  

13.5 − 15.5
3.27

 =  −0.61 
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∴ ݔ)ܲ  ≤ 13.5)  =  ܲ(ܼ ≤ −0.61) 

                                                                       = 0.2709  

The probability that less than 14 plan to attend college is 0.2709. 

Exercise 

1. Find the probability that the proportion of heads will fall anywhere from 0.49 to 0.51 when 

a balanced coin is flipped 1000 times? 

Answers 

1. 0.4908  

Uniform Distribution:  
 
The continuous uniform distribution is one of the simplest probability distributions. 
Definition 
A random variable X is said to have a continuous uniform distribution over an interval [a, b] if its 
probability density function (PDF) is constant throughout that interval. 
Mathematical Form 

f(x)  =  ൝ 1
b − a

, a ≤ x ≤ b

0, otherwise
 

Explanation 
 Every value between aand bis equally likely.  

 The graph of the PDF is a horizontal line between a and b. 

 The total area under the curve is 1 (as required for any probability distribution).  

 

Key Properties 
 
 Mean:  ୟାୠଶ  

 Variance:  
ቀb−a)ଶଵଶ  
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Example 
 
If X ∼ U(0,10), then any value between 0 and 10 has the same likelihood of occurring. 

1.  Let X ∼ U(2,10). Find P(4 ≤ X ≤ 7). 

Sol. 

P =  
7 − 4

10 − 2
 =  

3
8

 =  0.375 

 

2. If X ∼ U(0,5), find the mean. 

Sol. 
Using the formula:  μ =  

a + b
2

 μ =  
0 + 5

2
 =  2.5 

 

3. Find variance for X ∼ U(1,7) 

Sol.  Using the formula, Var(X)  =  
ቀb−a)ଶଵଶ  

 =  
(7−1)ଶ

12
 =  

36
12

 =  3 

1. Mean (Expected Value) 
The mean is defined as:  

E(X)  =  න xf(x) dx
ୠ
ୟ  

 
Using the PDF of uniform distribution:  

f(x)  =  
1

b − a
, a ≤ x ≤ b 

Step-by-step derivation:  

E(X)  =  න x ⋅ୠ
ୟ 1

b − a
 dx 
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 =  
1

b − a
න x dx
ୠ
ୟ  

 =  
1

b − a
ቈxଶ

2
቉ୟୠ 

 =  
1

b − a
⋅ bଶ − aଶ

2
 

 =  
1

b − a
⋅ (b − a)(a + b)

2
 

 =  
a + b

2
 

2. Variance 
Variance is defined as:  

Var(X)  =  E(Xଶ) − [E(X)]ଶ 
Step 1:  Find ۳(܆૛) 

E(Xଶ)  =  න xଶୠ
ୟ f(x) dx 

 =  න xଶୠ
ୟ ⋅ 1

b − a
 dx 

 =  
1

b − a
න xଶୠ
ୟ  dx 

 =  
1

b − a
ቈxଷ

3
቉ୟୠ 

 =  
1

b − a
⋅ bଷ − aଷ

3
 

 =  
1

b − a
⋅ (b − a)(aଶ + ab + bଶ)

3
 

 =  
aଶ + ab + bଶ

3
 

Step 2:  Substitute into variance formula 

Var(X)  =  
aଶ + ab + bଶ

3
− ൬a + b

2
൰ଶ 

 =  
aଶ + ab + bଶ

3
− aଶ + 2ab + bଶ

4
 

 
Taking LCM (12):  

 =  
4(aଶ + ab + bଶ) − 3(aଶ + 2ab + bଶ)

12
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 =  
(4aଶ + 4ab + 4bଶ − 3aଶ − 6ab − 3bଶ)

12
 

 =  
aଶ − 2ab + bଶ

12
 =  

(b−a)ଶ
12

 

Exercise:  

1. A random variable is uniformly distributed between 5 and 25. Find the probability that the 

variable takes a value between 10 and 18. 

2. The lifetime of a device is uniformly distributed between 2 years and 10 years. Find the 

mean lifetime. 

3. A continuous random variable is uniformly distributed between 4 and 16. Find the variance. 

4. The waiting time for a bus is uniformly distributed between 0 and 30 minutes. Find the 

probability that the waiting time is more than 20 minutes. 

Answers:  
1. 0.4   2. 6 years  3. 12   4. 0.3333 
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UNIT 4 

SSampling Distribution and Estimations 

Sampling Distribution 

Population:  In statistics, the term population refers to the complete set of all observations or 

items that are of interest in a particular study. The population may be finite or infinite 

depending on the situation. The total number of elements in the population is denoted by N. 

Sample:  A sample is a smaller group selected from the population for the purpose of analysis. 

Instead of studying the entire population, conclusions about it are drawn based on the sample. 

The number of observations in the sample is denoted by n. 

Different methods of sampling 

Sampling methods are broadly classified into two categories:  probability sampling and non-

probability sampling. Each method has its own advantages depending on the nature of the 

population and the objective of the study. 

I.  Probability Sampling Methods 

1. Random sampling or Probability sampling 

 Random sampling is a method in which each element of the population has an equal 
chance of being selected. The selection is made purely by chance, ensuring that there is 
no bias in choosing the sample. The sample obtained through this method is called a 
random sample. 

If the population size is N and the sample size is n, then:  

● Number of samples with replacement = Nⁿ 

● Number of samples without replacement = ᴺCₙ 
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2. Stratified sampling or Stratified Random sampling 

 Stratified sampling is used when the population is not uniform and consists of different 

groups. In this method, the population is divided into smaller homogeneous groups called 

strata based on certain characteristics. A random sample is then taken from each stratum, 

and all these sub-samples are combined to form the final sample. This method ensures 

proper representation of all sections of the population. 

3. Systematic Sampling or Quasi – Random Sampling 

 In systematic sampling, the elements of the population are arranged in a particular order, 

and samples are selected at regular intervals. First, a starting point is chosen randomly 

from the initial units, and then every kth item is selected to form the sample. This method 

is simple and easy to apply when the population is large. 

II.  Non – Probability Sampling Methods 

1. Purposive Sampling or Judgment Sampling 

 In this method, the selection of sample elements is based on the judgment or experience 

of the investigator. The researcher chooses those units which are believed to represent the 

population effectively. This method is useful when expert opinion is required, but it may 

involve some bias. For example, if a sample of 20 students is to be selected from a class 

of 100 to analyze the extra-curricular activities of the students, the investigator would 

select 20 students who, in his judgment, would represent the class. 

2. Sequential Sampling 

 Sequential sampling involves selecting samples in stages, one after another. After 

analyzing each sample, a decision is made whether to accept, reject, or continue sampling. 

If the result is not clear, additional samples are taken until a final conclusion is reached. 

This method is commonly used in quality control and decision-making processes. 
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Classification of Samples 

Samples can be classified based on their size into large samples and small samples. 

1. Large Sample:  A sample is considered to be large when the number of observations is 30 
or more (n ≥ 30). In such cases, statistical analysis becomes simpler as the sample tends 
to follow normal distribution due to the central limit theorem. 

2. Small Sample:  A sample is said to be small when the number of observations is less than 

30 (n < 30). For small samples, special statistical techniques are required, as the results 

may not follow normal distribution. 

Parameter and Statistics 

Parameter:  A parameter is a numerical measure that describes a characteristic of the entire 
population. Since it is based on all observations in the population, its value is fixed but 
usually unknown. Examples include population mean (μ) and population variance (σ²). 

Statistic:  A statistic is a numerical measure calculated from a sample. It is used to estimate 
the corresponding population parameter. Unlike parameters, statistics may vary from 
sample to sample. Examples include sample mean (x̄) and sample variance (s²). 

Sample Mean and Sample Variance 
In statistical analysis, when a sample is drawn from a population, it is important to summarize 
the data using suitable numerical measures. Two of the most commonly used measures are the 
sample mean and the sample variance. These statistics help in understanding the central 
tendency and variability of the sample data. 

Sample Mean:  If X₁,X₂,…,Xₙ represent a random sample of size n, the sample mean is defined 
as the average of all observations in the sample. 

Sample mean is given by:  ሜܺ  =  ∑ ௑೔௡௡௜ ୀ ଵ  

It provides a measure of the central value of the sample and is used as an estimate of the 
population mean. 

Sample Variance:  

 If X1, X2 ……, Xn represents a random sample of size n, the sample variance measures how 
much the observations vary from the sample mean. 
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Sample variance is given by:  ݏଶ  =  ∑ (௑೔ି௑)మ௡ିଵ௡௜ ୀ ଵ  

It indicates the spread or dispersion of the sample data around the mean. 

 

Central Limit Theorem 

The Central Limit Theorem states that when a large sample is drawn from a population, the 
distribution of the sample mean tends to follow a normal distribution, regardless of the shape 
of the original population. 

If ݔis the mean of a sample of size n drawn from a population with mean μ and standard 
deviation σ, then the standardized sample mean ܼ =  ௫ିఓ഑√೙  follows approximately a standard 

normal distribution with mean 0 and standard deviation 1, for sufficiently large values of n, 
i.e. N(Z;0,1) as ݊ → ∞ 

Standard Error (S.E.) of a Statistic 

Standard error is a measure of the variability of a sample statistic from sample to sample. It 
indicates how much a statistic is expected to vary from the corresponding population 
parameter. 

1) S.E. (̅ݔ) = ఙ√௡ 

2) S.E. of sample proportion ݌ =  ට௉ொ௡  where Q = 1-P 

3) S.E. (ݔଵ − (ଶݔ  =  ටఙభ௡భ + ఙమ௡మ where ݔଵ and ݔଶ are the means of two random samples of sizes 

n1 and n2 drawn from two populations with S.D. ߪଵ and ߪଶ respectively. 

4) S.E. (݌ଵ − (ଶ݌  =  ට௉భொభ௡భ + ௉మொమ௡మ  

Finite Population:  Consider a finite population of size N with mean μ and standard deviation 

σ. Suppose all possible samples of size n are drawn without replacement from this population.  

(i)  The mean of the sampling distribution of means (for N>n) is ߤ௑  =  ߤ 

(ii)  The variance of the sampling distribution of means is ߪ௑ଶ  =  ఙమ௡ ቀேି௡ேିଵቁ 
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Note : The factor ቀேି௡ேିଵቁ is known as the finite population correction factor. 

Solved Problems 

1.  What is the value of correction factor if n = 8 and N = 150 

Sol. Given N = the size of the finite population = 150 

  n = the size of the sample = 8 

  Correction factor = ேି௡ேିଵ  =  ଵହ଴ି଼ଵହ଴ିଵ  =  ଵସଶଵସଽ  =  0.959 

2.  What is the value of correction factor if n = 20 and N = 500 

Sol. Given N = the size of the finite population = 500 

  n = the size of the sample = 20 

  Correction factor = ேି௡ேିଵ  =  ହ଴଴ିଶ଴ହ଴଴ିଵ  =  ସ଼଴ସଽଽ  =  0.962 

3. A population consists of five numbers 4, 7, 9, 10, and 15. Consider all possible samples of 

size two which can be drawn with replacement from this population. Find 

(a)  The mean of the population 

(b)  The S.D. of the population 

(c)  The mean of the sampling distribution of means and 

(d)  The S.D. of the sampling distribution of means (i.e., the standard error of means) 

Sol.  

   (a)  Mean of the population is given by ߤ =  ସା଻ାଽାଵ଴ାଵହହ  =  ସହହ  =  9  

  (b)  Variance of the population σ2 is given by ߪଶ  =  ∑(௫೔ିఓ)మ௡  



 

105 | P r o b a b i l i t y  T h e o r y ,  S t a t i s t i c a l  I n f e r e n c e ,  a n d  S t o c h a s t i c  P r o c e s s e s  

 

 =  
(4 − 9)ଶ + (7 − 9)ଶ + (9 − 9)ଶ + (10 − 9)ଶ + (15 − 9)ଶ

5
 

=  
25 + 4 + 0 + 1 + 36

5
 =  

66
5

 =  13.2 ∴ = ߪ  √13.2  =  3.63 

(c)  Sampling with replacement (infinite population):  

 The total no. of samples with replacement is  

 Nn = 52 = 25 samples of size 2 

Here N = population size and n = sample size listing all possible samples of size 2 from 
population 4, 7, 9, 10, 15 with replacement we get 25 samples 

All possible samples:  

⎩⎪⎨
⎪⎧ (4,4) (4,7) (4,9) (4,10) (4,15)

(7,4) (7,7) (7,9) (7,10) (7,15)
(9,4) (9,7) (9,9) (9,10) (9,15)

(10,4) (10,7) (10,9) (10,10) (10,15)
(15,4) (15,7) (15,9) (15,10) (15,15)⎭⎪⎬

⎪⎫
 

Now compute the arithmetic mean for each of these 25 samples. The set of 25 means ݔ of 
these 25 samples, gives rise to the distribution of means of the samples known as sampling 
distribution of means.  

The samples means are 

⎩⎪⎨
⎪⎧ 4 5.5 6.5 7 9.5

5.5 7 8 8.5 11
6.5 8 9 9.5 12
7 8.5 9.5 10 12.5

9.5 11 12 12.5 15 ⎭⎪⎬
⎪⎫

 

 
And the mean of sampling distribution of means is the mean of these 25 means. 

௫̄ߤ  =  
Sum of all sample means

25
 =  

225
25

 =  9 
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(d)  The variance of the sampling distribution of means is obtained by subtracting the mean 9 
from each number and squaring the result, adding all 25 members thus obtained, and 
dividing by 25 ߪ௫̄ଶ  =  ∑(௫̄ିଽ)మଶହ  =  6.6  ∴ ௫̄ߪ  =  √6.6  =  2.57  

 

Verification formula  ߪ௫̄ଶ  =  ఙమ௡  =  ଵଷ.ଶଶ  =  6.6 

∴ ௫̄ߪ  =  √6.6  =  2.57 

 

4.  A population consists of five numbers 4, 7, 9, 10, and 15. Consider all possible samples of 

size two which can be drawn without replacement from this population. Find 

(a)  The mean of the population 

(b)  The S.D. of the population 

(c)  The mean of the sampling distribution of means and 

(d)  The S.D. of the sampling distribution of means (i.e., the standard error of means) 

Sol. 

(a)  Mean of the population is given by ߤ =  ସା଻ାଽାଵ଴ାଵହହ  =  ସହହ  =  9 

(b)  Variance of the population σ2 is given by ߪଶ  =  ∑(௫೔ିఓ)మ௡  

 =  
(4 − 9)ଶ + (7 − 9)ଶ + (9 − 9)ଶ + (10 − 9)ଶ + (15 − 9)ଶ

5
 =  

25 + 4 + 0 + 1 + 36
5

 

=  
66
5

 =  13.2 ∴ = ߪ  √13.2  =  3.63 

(c)  Sampling without replacement (infinite population):  

 The total no. of samples with replacement is  
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 NCn  = 5C2 = 10 samples of size 2 

Here N = population size and n = sample size listing all possible samples of size 2 from 
population 4, 7, 9, 10, 15 with replacement we get 25 samples 

All possible samples:  

൞(4,7), (4,9), (4,10), (4,15),
(7,9), (7,10), (7,15),

(9,10), (9,15),
(10, 15)

ൢ 

Now compute the arithmetic mean for each of these 10 samples. The set of 10 means ݔ of 
these 10 samples, gives rise to the distribution of means of the samples known as sampling 
distribution of means.  

The samples means are 

൞5.5, 6.5, 7, 9.5,
8, 8.5, 11

9.5, 12
12.5

ൢ 

And the mean of sampling distribution of means is the mean of these 10 means. 

௫̄ߤ  =  
Sum of all sample means

10
 =  

90
10

 =  9 

 
(d)  The variance of the sampling distribution of means is obtained by subtracting the mean 
9 from each number and squaring the result, adding all 10 members thus obtained, and 
dividing by 10 

௫̄ଶߪ  =  
ݔ̄)∑ − 9)ଶ

10
 =  4.95 ∴ ௫̄ߪ  =  √4.95  =  2.23 

Verification formula (Finite Population Correction) 

௫̄ߪ  =  
ඨܰ݊√ߪ − ݊ܰ − 1
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 =  
3.63√2

× ඨ5 − 2
5 − 1

 

 =  2.57 × ඨ3
4

 =  2.57 × 0.866 =  2.23 

5. The mean weight of students in a college is 60 kg and S.D. is 12. What is the probability 
that the mean weight of 36 students is less than 63 kgs. 

Sol. ߤ =  mean of the population 
     =  mean weight of students of a college =  60 kg ߪ =  S.D. of population =  12 kgs ݊ =  sample size = ݔ̄ 36   =  Mean of samples =  63 kgs 

 

Now   ݖ =  ௫̄ିఓఙ/√௡  =  ଺ଷି଺଴ଵଶ/√ଷ଺  =  ଷଵଶ/଺  =  ଷଶ  =  1.5 ∴ ݔ̄)ܲ ≤ 63)  = ݖ)ܲ  < 1.5)  =  0.5 +  (1.5)ܣ
 =  0.5 + 0.4332 =  0.9332 

 

Thus, the probability that the mean weight of 36 students less than 63 is 0.9332 

 

6.  A random sample of size 64 is taken from an infinite population having the mean ߤ =  50 
and the variance ߪଶ  =  144. What is the probability that ̄ݔ will be between 48 and 52. 

Sol. ߤ =  mean of the population = ଶߪ 50   =  variance of population =  144 i.e. ߪ =  12 ݊ =  sample size = ଵݔ̄ 64   =  48 
 

Now 

ଵݖ  =  
ଵݔ̄ − ݊√/ߪߤ  =  

48 − 50
12/√64

 =  
−2

12/8
 =  

−2
1.5

 =  −1.33 
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And when ̄ݔଶ  =  52 
Now 

ଶݖ  =  
ଶݔ̄ − ݊√/ߪߤ  =  

52 − 50
12/√64

 =  
2

1.5
 =  1.33 

 ∴ ܲ(48 ≤ ݔ̄ ≤ 52)  =  ܲ(−1.33 ≤ ݖ ≤ 1.33) 
 = (1.33)ܣ  + (1.33)ܣ  =  0.4082 + 0.4082 =  0.8164 

Thus, the probability that the sample mean lies between 48 and 52 is 0.8164 

7. A random sample of size 64 is taken from an infinite population having the mean 45 and 
the S.D. 8. What is the probability that ̄ݔwill be between 46 and 47.5. 

Sol. ߤ =  mean of the population = = ߪ 45   S.D. of the population =  8 ݊ =  sample size = ଵݔ̄ 64   =  46 
Now 

ଵݖ  =  
ଵݔ̄ − ݊√/ߪߤ  =  

46 − 45
8/√64

 =  
1

8/8
 =  1 

And when ̄ݔଶ  =  47.5 
Now 

ଶݖ  =  
ଶݔ̄ − ݊√/ߪߤ  =  

47.5 − 45
8/√64

 =  
2.5
1

 =  2.5 

 ∴ ܲ(46 ≤ ݔ̄ ≤ 47.5)  =  ܲ(1 ≤ ݖ ≤ 2.5) 
 = (2.5)ܣ  − (1)ܣ  =  0.4938 − 0.3413 =  0.1525 

Thus, the probability that the sample mean lies between 46 and 47.5 is 0.1525 

Exercise 

1. What is the value of correction factor if n = 5 and N = 200 
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2. What is the value of correction factor if n = 10 and N = 1000 

3. A population consists of five numbers 2, 3, 6, 8 and 11. Consider all possible samples of 

size two which can be drawn with replacement from this population. Find 

(a)  The mean of the population 

(b)  The S.D. of the population 

(c)  The mean of the sampling distribution of means and 

(d)  The S.D. of the sampling distribution of means (i.e., the standard error of means) 

4. A population consists of five numbers 2, 3, 6, 8 and 11. Consider all possible samples of 

size two which can be drawn without replacement from this population. Find 

(a)  The mean of the population 

(b)  The S.D. of the population 

(c)  The mean of the sampling distribution of means and 

(d)  The S.D. of the sampling distribution of means (i.e., the standard error of means) 

5. A population consists of 6 numbers 5, 10, 14, 18, 13, and 24. Consider all possible samples 
of size two which can be drawn without replacement from this population. Find 

(a)  The mean of the population 

(b)  The S.D. of the population 

(c)  The mean of the sampling distribution of means and 

(d)  The S.D. of the sampling distribution of means (i.e., the standard error of means) 

6. A random sample of size 64 is taken from a normal population with 51.4 = ߤ and 68 = ߪ. 
What is the probability that the mean of the sample will (a) exceed 52.9, (b) fall between 
50.5 and 52.3, (c) 50.6 

7. The mean height of students in a college is 155cms and S.D. is 15. What is the probability 
that the mean height of 36 students is less than 157 cms. 

8. A random sample of size 100 is taken from an infinite population having the mean 76 = ߤ 
and the variance 256 = 2ߪ. What is the probability that ݔ will be between 75 and 78. 
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9. A random sample of size 64 is taken from an infinite population having the mean 45 and 
the S.D. 8. What is the probability that x will be between 46 and 47.5 

 

Answers:  

1) 0.9799,   2) 0.991 

3) (a) 6 = ߤ, (b) 3.29 = 10.8√ = ߪ, (c) ߤ௫   = 6, (d) ߪ௫ = √(10.8 / 2) = √5.4 = 2.32 

4) (a) ߤ =  6, (b) ߪ  =  3.29, (c) ݔߤ  =  6, (d) ݔߪ¯  =  2.02 

5) (a) ߤ =  14, (b) ߪ  =  5.97, (c) ݔߤ  =  14, (d) ݔߪ  =  3.77 

6) (a) 0.429, (b) 0.084, (c) 0.463,  7) 0.7881 

8) 0.628   0.1525 

 

ESTIMATION 

In many practical situations, it is not feasible to collect information from an entire 

population due to limitations of time, cost, or accessibility. Instead, a subset of the 

population, known as a sample, is selected for analysis. The main objective of statistical 

inference is to use this sample information to draw conclusions about the population. 

Population characteristics such as the mean, variance, or proportion are usually 

unknown and are referred to as parameters. Since these parameters cannot be observed 

directly, they must be approximated using sample data. The process of obtaining such 

approximations is known as estimation. 

Estimation plays a fundamental role in statistics, as it provides a systematic way 

to make informed decisions and predictions about a population based on limited data. 



 

112 | P r o b a b i l i t y  T h e o r y ,  S t a t i s t i c a l  I n f e r e n c e ,  a n d  S t o c h a s t i c  P r o c e s s e s  

 

Estimate:  An estimate is a numerical value obtained from sample data that is used to 

approximate an unknown population parameter. It provides a practical way to infer 

information about the population when complete data is not available. 

Estimator:  An estimator is a statistical rule, formula, or method used to compute an estimate 

of a population parameter based on sample observations. For example, the sample meanݔis 

commonly used as an estimator of the population mean ߤ. 

Types of Estimation:  

 In statistical analysis, the unknown characteristics of a population are assessed using 

sample data. Depending on how the approximation is expressed, estimation can be broadly 

classified into following types. 

 (a)  Point Estimation:   A point estimate provides a single numerical value as an approximation of 

an unknown population parameter. This value is calculated from the observed sample and 

serves as the best immediate guess of the parameter. 

(b)  Interval Estimation:  An interval estimate specifies a range of values within which the 

population parameter is expected to lie, with a certain level of confidence. Instead of giving a 

single value, it provides both lower and upper bounds, thereby indicating the precision of the 

estimate. 

(c)  Maximum Likelihood Estimation (MLE):   The method of Maximum Likelihood Estimation 

is the best and most popular one among all methods to obtain an almost good or best estimator 

for a population parameter. It is a method of obtaining an estimator which most (maximum) 

likely estimates the true value of the parameter. 

Interval Estimation of ࣆ:  The interval estimates for the population mean ߤcan be expressed as: ̄ݔ ఈ/ଶݖ± ቀ ఙ√௡ቁ(or) (ݔ − ,ெ௔௫ܧ ݔ +  (ெ௔௫ܧ

where ̄ݔ  = sample mean 
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 ఈ/ଶ  = standard normal value corresponding to the desired confidence levelݖ population standard deviation ݊  = sample size =  ߪ

and ܧெ௔௫  = మഀݖ  ఙ√௡ 

Interval Estimation of p (proportion):  The interval estimate for the population proportion ݌is given 

by     

̂݌ ± ఈ/ଶට௣ො(ଵି௣ො)௡ݖ    (or) (݌ − ெ௔௫ܧ ݌,  +  (ெ௔௫ܧ

where ܧெ௔௫  = మഀට௉ொ௡ݖ   

Here ̂݌  = sample proportion ݊  = sample size ݖఈ/ଶ  = standard normal value corresponding to the confidence level 

Confidence Level 

In interval estimation, it is important to specify how reliable the estimated interval is. 

This reliability is expressed in terms of the confidence level. 

The confidence level is the probability that the interval constructed from sample data will 

contain the true value of the population parameter. It reflects the degree of certainty associated 

with the estimation procedure. 

Commonly used confidence levels are 90%, 95%, and 99%. 

Interpretation of Confidence Levels 
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 A 90% confidence level implies that if many samples are drawn and intervals are 

constructed in the same way, approximately 90% of those intervals will contain the true 

population parameter.  

 A 95% confidence level indicates that about 95 out of 100 such constructed intervals are 

expected to include the true parameter. This is the most widely used level in practice.  

A 99% confidence level suggests a higher degree of reliability, meaning nearly 99% of the              

intervals will capture the true parameter.  

Confidence Level and Critical Values 

The confidence level determines the value of ݖఈ/ଶused in interval estimation:  

 ૛ values:  1.96 for 95% confidenceࢻࢠ

                    2.58 for 99% confidence  

                   1.64 for 90% confidence  

Note:  As the confidence level increases, the interval becomes wider. This means higher 

confidence is achieved at the cost of reduced precision. 

 

Solved Problems 

1. A random sample of size 64 has a S.D. of 8. What can you say about the maximum error 

with 95% confidence.  

Sol. 

Given ߪ =  8,  ݊ = ఈ/ଶݖ  ,64   =  1.96 
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We know that ܧெ௔௫  = ఈ/ଶݖ  ఙ√௡  =  1.96 ଼√଺ସ  =  1.96 × 1 =  1.96 

2. A random sample of size 144 has a S.D. of 12. Find the maximum error with 99% 

confidence. 

Sol. 

Given ߪ =  12,  ݊ = ఈ/ଶݖ  ,144   =  2.576 

ெ௔௫ܧ  =  2.576
12√144

 =  2.576 × 1 =  2.576 

3. Assuming that ߪ =  16, how large a sample should be taken to assert with probability 0.95 

that the sample mean will not differ from the true mean by more than 2. 

Sol. 

Given maximum error ܧ =  2, and ߪ = ఈ/ଶݖ ,16   =  1.96 for 95% confidence 

We know that 

ெ௔௫ܧ  = ఈ/ଶݖ  ݊√ߪ ⇒ ݊ =  ቀݖఈ/ଶܧߪ ቁଶ 

݊ =  ൬1.96 × 16
2

൰ଶ  =  (15.68)ଶ  =  245.86 ≈ 246 

4. Assuming that ߪ =  25, how large a sample should be taken to assert with probability 

0.99 that the sample mean will not differ from the true mean by more than 5. 

Sol. 

Given ܧ = = ߪ ,5  ఈ/ଶݖ ,25   =  2.576 for 99% confidence 

݊ =  ൬2.576 × 25
5

൰ଶ  =  (12.88)ଶ  =  165.89 ≈ 166 

5. In a study of household expenses, a random sample of 100 families had a mean of Rs. 

8500 and S.D. of Rs. 1200. If ̄ݔis used as a point estimate, with what confidence can we 

assert that the maximum error does not exceed Rs. 200? 
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Sol. 

Given ݊ = ݔ̄  ,100   = = ߪ  ,8500  ௠௔௫ܧ  ,1200   =  200 

ெ௔௫ܧ  = ఈ/ଶݖ  ݊√ߪ ⇒ ఈ/ଶݖ  =  
ߪ݊√ெ௔௫ܧ  =  

200√100
1200

 =  
200 × 10

1200
 = ఈ/ଶݖ 1.6667   =  1.67 

The area when ݖఈ/ଶ  =  1.67 from tables is 0.4525 

1 − = ߙ  2 × 0.4525 =  0.905 

Confidence  = 90.5% 

Hence we are 90.5% confidence that the maximum error is Rs. 200. 

6. If ܲ =  0.4and sample size ݊ =  400, find the maximum error with 95% confidence. 

Sol. 

Given ܲ =  0.4,  ݊ =  400 

We have ܳ =  1 − ܲ =  0.6and ݖఈ/ଶ  =  1.96 

ெ௔௫ܧ  =  1.96ඨ0.4 × 0.6
400

 =  1.96ඨ0.24
400

 =  1.96√0.0006  =  1.96 × 0.02449 

=  0.0480 

 

7. If we can assert with 95% that the maximum error is 0.04 and ܲ =  0.3, find the size of the 

sample. 

Sol. 

Given ܲ = = ܧ  ,0.3   0.04 

We have ܳ =  1 − ܲ =  1 − 0.3 =  0.7and ݖఈ/ଶ  =  1.96(for 95%) 
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We know that 

ெ௔௫ܧ  = ఈ/ଶඨܲܳ݊ݖ  ⇒ 0.04 =  1.96ඨ0.3 × 0.7݊  

݊ =  
0.3 × 0.7 × (1.96)ଶ

(0.04)ଶ  =  
0.21 × 3.8416

0.0016
 =  504.21 ≈ 505 

8. If ܲ =  0.5 and sample size ݊ =  625, find the maximum error with 99% confidence. 

Sol. 

Given ܲ =  0.5,  ݊ =  625 

We have ܳ =  0.5 and ݖఈ/ଶ  =  2.576 

ெ௔௫ܧ  =  2.576ඨ0.5 × 0.5
625

 =  2.576ඨ0.25
625

  

                                                     =  2.576 × √0.0004  

                                                     =  2.576 × 0.02 =  0.0515 

9. If we can assert with 99% that the maximum error is 0.03 and ܲ =  0.25, find the size of 

the sample. 

Sol. 

Given ܲ = = ܧ  ,0.25   0.03 

We have ܳ =  1 − ܲ =  0.75 and ݖఈ/ଶ  =  2.576(for 99%) 

0.03 =  2.576ඨ0.25 × 0.75݊  

݊ =  
0.25 × 0.75 × (2.576)ଶ

(0.03)ଶ  =  
0.1875 × 6.635

0.0009
 =  1382.29 ≈ 1383 
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10. The mean and S.D. of a population are 850 and 120 respectively. What can one assert with 

95% confidence about the maximum error if ̄ݔ  =  850 and ݊ =  64. And also construct 95% 

confidence interval for the true mean. 

Sol. 

Given ߤ = = ߪ  ,850  ݔ̄  ,120   =  850,  ݊ = ఈ/ଶݖ  ,64   =  1.96 

ெ௔௫ܧ  = ఈ/ଶݖ  ݊√ߪ  =  1.96 ൬120√64
൰  =  1.96 × 15 =  29.4 

 

Confidence interval          (̄ݔ − ெ௔௫ܧ ݔ̄  , +  (ெ௔௫ܧ

(850 − 29.4,  850 + 29.4) 

= (820.6,   879.4) 

 

Exercise: - 

1.  A random sample of size 100 has a S.D. of 5. What can you say about the maximum error 

with 95% confidence.    

2. A sample of size 81 has standard deviation 9. Find the maximum error with 90% confidence. 

3.  Assuming that 20.0 = ߪ, how large a random sample be taken to assert with probability 

0.95 that the sample mean will not differ from the true mean by more than 3.0 

4. Assuming that ߪ =  18, how large a sample should be taken to assert with probability 0.99 

that the sample mean will not differ from the true mean by more than 4. 

5.  In a study of an automobile insurance a random sample of 80 body repair costs had a mean 

of Rs. 472.36 and the S.D. of Rs. 62.35. If ݔ is used as a point estimate to the true average 
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repair costs, with what confidence we can assert that the maximum error doesn’t exceed 

Rs. 10.     

6.  If we can assert with 95% that the maximum error is 0.05 and P = 0.2, find the size of the 
sample.       

7.  What is the size of the smallest sample required to estimate an unknown proportion to 
within a maximum error of 0.06 with at least 95% confidence.  

8.  The mean and S.D. of a population are 11,795 and 14054 respectively. What can one assert 
with 95% confidence about the maximum error if 11,795 = ݔ and n = 50. And also 
construct 95% confidence interval for the true mean.   

9.  A sample of 10 cam shafts intended for use in gasoline engines has an average eccentricity 
of 1.02 and a S.D. of 0.044 inch. Assuming the data may be treated a random sample from 
a normal population, determine a 95% confidence interval for the actual mean eccentricity 
of the cam shaft?     

10. A sample of 16 metal rods has an average length of 5.12 cm and a S.D. of 0.08 cm. 
Assuming the data may be treated as a random sample from a normal population, 
determine a 99% confidence interval for the true mean length of the rods. 

Answers: - 

1) 0.98, 2) 1.645, 3) 171,  4) 135,  5) 84.72%,  6) 246,  7) 267, 

8) (7899.43,15690.57),  9) (0.993, 1.047),  10) (5.067,5.179) 

Maximum Likelihood Estimation (MLE):    

Suppose we have a random sample x1, x2, ...., xn whose assumed probability distribution 

depends on some unknown parameter θ. Our goal is to find good estimate of θ (population 

parameter) using sample and which can be done with the help of MLE. 

Let x1, x2, ...., xn be i.i.d. random variables drawn from some probability distribution that 

depends on some unknown parameter θ. 

The goal of MLE is to maximize the likelihood function 

(ߠ)ܮ        =  ݂(x1, x2, ..., xn |ߠ) 
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               = ݂(x1|ߠ) ∗ ݂(x2|ߠ) ∗ … ∗ ݂(xn|ߠ) 

(ߠ)ܮ        =  ∏ ௡௜ ୀ ଵ(ߠ/௜ݔ)݂  

 log ܮ (ߠ)  =  ∑ log ݂ ௡௜ ୀ ଵ(ߠ/௜ݔ)  

Conditions for maximization are, ݀ߠ݀ܮ  =  0 and ݀2ܮௗ2ߠ < 0. 

MLEs are Consistent, Efficient, Sufficient, MLEs may (or may not) be unbiased 

MLEs are asymptotically normally distributed, asymptotically tend to have least variance. 

 

Solved Problems 

1. Consider a sample 0,1,0,0,1,0 from a binomial distribution, with the form P[X = 0] = (1-p), P[X 
= 1] = p. Find the maximum likelihood estimate of p. 

Sol. L(p)  = P[X = 0] P[X = 1] P[X = 0] P[X = 0] P[X = 1] P[X = 0] 

                = (1-p) p (1-p) (1-p) p (1-p) 

                = (1-p)3 p2.  

 Log L(p) = log[(1-p)3p2.] 

               = log[(1-p)3] + log[(p2).] 

   = 3log(1-p) + 2logp 

Conditions for maximization are  ௗ௅௢௚௅(௣)ௗ௣  =  0. 

ିଷଵି௣ + ଶ௣  =  0 ⇒ ିଷ௣ାଶିଶ௣௣(ଵି௣)
 =  0 ⇒  1/3 = ݌
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That is, there is 1/3 chance to observe this sample if we believe the population to be Binomial 

distributed.  

2. An unfair coin is flipped 100 times, and 61 heads are observed. What is the MLE when nothing 
is previously known about the coin? 

 
Sol. Here, the distribution follows a Binomial distribution with parameter ݌. 

Here ݊ =  100. The likelihood function (MLE) is ܲ(ܪ =  61 ∣ (݌  =  ൬100
61

൰ ଺ଵ(1݌ −  ଷଽ(݌

For maximization ݀݀݌ = ܪ)ܲ  61 ∣ (݌  =  0 

⇒ ൬100
61

൰ ଺଴(1݌61] − ଷଽ(݌ − ଺ଵ(1݌39 − [ଷ଼(݌  =  0 

⇒ ଺଴(1݌ − ଷ଼(61(݌ − (݌100  =  0 

⇒ = ݌  0,  
61

100
,  1 

Thus, the likelihoods are 

= ܪ)ܲ  61 ∣ = ݌  0)  =  0 

ܲ ൬ܪ =  61 ∣ = ݌  
61

100
൰  =  ൬100

61
൰൬ 61

100
൰଺ଵ ൬ 39

100
൰ଷଽ 

 

= ܪ)ܲ  61 ∣ = ݌  1)  =  0 

Since ܲ ቀܪ =  61 ∣ = ݌  ଺ଵଵ଴଴ቁ is maximum,  

Hence ̂݌  =  ଺ଵଵ଴଴ is the MLE. 
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UNIT 5 

TTesting of Hypothesis (Large Samples) 

Hypothesis 

A statement which is yet to be proved/ established or a statement on the parameter(s) of the 

Probability distribution to be tested. If more than one population is considered, then the 

statistical hypothesis gives the relation between 2 population parameters. 

Test 

A statistical rule which decides whether to accept or reject the null hypothesis on the basis of 

data. 

NULL HYPOTEHSIS:  This is denoted by H0. This statement is tested for possible acceptance 

or rejection under the assumption that it is true. 

Example 1:  Suppose the average height of Soldiers is 160 cms then we setup NULL 

HYPOTHESIS as  

H0 :  The average height of Soldiers is 160 cms  i.e, 

H0 :  μ = μ0. 

Example 2:  Suppose we want to test the average marks between 2 teams then we setup null 

hypothesis as 

H0 :  The average marks between 2 teams are equal. That is 

H0 :  μ1 = μ2.  
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ALTERNATIVE HYPOTHESIS:  Any hypothesis which is complementary to the null 

hypothesis is called an alternate hypothesis and is denoted by H1. 

Example 1:  Suppose the average height of Soldiers is 160 cms then we setup alternate 

hypothesis as H1 : μ  ≠ μ0.  

 i.e. H1 :  The average height of Soldiers is not 160 cms it is further divided into 2 statements 

i.e H1:  μ > μ0.     or       H1:  μ < μ0.  

The test conducted for μ  ≠ μ0 is known as Two tailed test (TTT) for this test the critical region 

lies on both ends. 

The test 

conducted μ > μ0 is known as Right tailed test(RTT) In his test the critical region lies 

entirely towards right side

 

The test conducted μ < μ0 is known as Left tailed test (LTT)  in this the critical region lies 

entirely towards left side 
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Errors in decision making 

Decision is made based on the sample not on the population, this 

leads to the possibility of error between the decision made and the reality.  

There are two types of errors. 

(i)  Type I error 

(ii) Type II error 

(i) Type I error:  Reject H0 when it is true. 

If the Null Hypothesis H0 is true but it rejected by test procedure, 

then the error made is called Type I error. It is denoted by α. 

P(Reject H0 when it is true) = P(Type I error) = α 

(ii) Type II error:  Accept H0 when it is false. 

If the Null Hypothesis H0 is false but we accept H1 by test 

procedure, then the error made is called Type II error. It is denoted by β. 

P(Accept H0 when it is false) = P(Type II error) = β 
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Level of Significance 

The level of significance denoted by α is the confidence with which we reject or accept the Null 

hypothesis H0 i.e. it is the maximum possible probability with which we are willing to risk 

an error in rejecting H0 when it is true. 

Test Statistic 

Under a given hypothesis let the sampling distribution of a statistic t is approximately a normal 

distribution with mean E(t) then 
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Test of Significance for large samples 

There are 4 tests of significance for large samples 

(i) Test for single mean 

(ii) Test for difference of means 

(iii) Test for single proportion 

(iv) Test for difference of proportion 

 

I) Procedure for testing of Hypothesis for single mean 

Let ̅ݔ is the mean of the random sample of size n taken from a normal population with mean μ 

and S.D ߪ. 

Null Hypothesis:   Set up a null hypothesis H0:  μ = μ0  

Alternative Hypothesis:  Set up an Alternative Hypothesis H1  

 (i) H1:  μ  ≠ μ0 (two – tailed test) 

   (ii) H1:  μ > μ0 (Right – tailed test) 

 (iii) H1:  μ < μ0 (Left – tailed test) 

Level of Significance:  Select α = 5% or 1% 

Test Statistic:  Calculate the test statistic  ܼ௖௔௟  =  ௫̅ିఓ഑√೙  
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Decision:  Find the critical value Zαor Zα/2at the level of significance α from normal table.  

           If |Zcal| <critical value, accept H0 

  If |ZCal| >critical value, reject H0 and accept H1 

1. It is claimed that sports-car owners drive on the average 16000 kms per year. A consumer firm 

believes that the average mileage is probably higher. To check, the consumer firm obtained 

information from randomly selected 40 sports-car owners that resulted in a sample mean of 16352 

kms with a population standard deviation of 1348 kms. At what can be concluded about this claim 

at 1% level. 

Sol. 

Null Hypothesis:  The average mileage of sports-car as claimed and the sample average mileage 

is the same μ = 16000. 

Alternate Hypothesis:  The average mileage of sports cars as claimed is higher than the sample 

average mileage μ >16000. 

Level of Significance:  α = 1%, Zα = 2.330 

Test Statistic:  ݖ௖௔௟  =  ଵ଻ଷହଶିଵ଺଴଴଴భయరఴ√రబ  =  1.650 

Decision:  ݖ௖௔௟  = 1.650 < 2.33, Accept H0.  

There is insufficient evidence at the 1% level of significance to conclude that sports-car owners 

drive more than 16000 km per year on average. 

2. Suppose that we want to test on the basis of n = 35 determinations and at the 0.05 level of 

significance whether the thermal conductivity of a certain kind of brick is 0.340, as has been claimed. 

From the information gathered, we can expect that the variability of such determinations is given by 

σ = 0.010 and the mean of the 35 determinations is 0.343. 
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Sol. 

Null Hypothesis:  μ = 0.340  

Alternate Hypothesis:  μ ≠ 0.340 

Level of significance:  α = 0.05, ܼ ఈଶ  = 1.96 

Test Statistic:  ݖ௖௔௟  =  ଴.ଷସଷି଴.ଷସ଴బ.బభబ√యఱ  =  1.77 

Decision: |ݖ௖௔௟|   = 1.77 < 1.96, Accept H0. 

OR 

Critical Z Range:  Between -1.96 and +1.96 

Since 1.78 falls within the range of -1.96 and +1.96, the test statistic does not fall into the 

rejection region. 

At the 5%level of significance, there is insufficient evidence to reject the claim that the mean 

thermal conductivity of the brick is 0.340. 

3. A factory claims that the average lifetime of its light bulbs is 1200 hours. A sample of 36 bulbs 

is tested and found to have a mean lifetime of 1220 hours with a standard deviation of 90 hours. Test 

the manufacturer’s claim at a 5% level of significance. 

Sol.  

Null Hypothesis:  H₀:  μ = 1200 

Alternate Hypothesis:  H₁:  μ ≠ 1200 

Level of significance:  α = 0.05, ܼ ఈଶ  = 1.96 
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Test Statistic:  ݖ௖௔௟  =  ଵଶଶ଴ିଵଶ଴଴వబ√యల  =  1.33 

 Decision:  |ݖ௖௔௟| = 1.33 < 1.96, Accept H0.  

At the 5% level of significance, there is insufficient evidence to reject the manufacturer's claim. 

We can conclude that the average lifetime of the light bulbs is effectively 1200 hours, and 

the observed difference (1220 hours) is likely due to sampling error. 

Exercise 

1. A sample of 64 students has a mean weight of 70kgs. Can this be regarded as a sample from 

a population with mean weight 56kgs and S.D. 25kgs. 

2. An ambulance service claims that it takes on the average less than 10 minutes to reach its 

destination in emergency calls. A sample of 36 calls has a mean of 11 minutes and the 

variance of 16 minutes. Test the claim at 0.05 level of significance. 

3. A sample of 400 items is taken from a population whose S.D. is 10. The mean of the sample 

is 40. Test whether the sample has come from a population with mean 38. Also calculate 

95% confidence interval for the population.   

II) Procedure for testing of Hypothesis for difference of means 

Suppose ݔଵതതത and ݔଶതതത be the means of the two samples with sizes ݊ଵand ݊ଶ drawn from two 

populations having means ߤଵand  ߤଶ and S.D. ߪଵand ߪଶ. To test whether the two-population 

means are equal. 

Null Hypothesis:       Set up a null hypothesis H0 ߤଵ =  ߤଶ 

Alternative Hypothesis:  Set appropriate alternative Hypothesis H1 

Level of Significance:   Select α = 5% or 1%  
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Test Statistic:  Calculate the test statistic                                      

Case (i):        If ߪଵଶ ≠ ௖௔௟ݖଶଶߪ  =  ௫భതതതതି௫మതതതതඨ഑భమ೙భା഑మమ೙మ 

Case (ii):      If ߪଵଶ  = ௖௔௟ݖ 2ߪ =  ଶଶߪ   =  ௫భതതതതି௫మതതതതఙට భ೙భା భ೙మ 
Case (iii):   If ߪଵଶ, ߪଶଶ are not given instead sample variances ܵଵଶ, ܵଶଶare given then,   

௖௔௟ݖ  =  
ଵതതതݔ − ଶതതതටௌభమ௡భݔ + ௌమమ௡మ

 

 Conclusion:      If |Zcal| < Critical Value accept H0 

  If |ZCal| > Critical Value reject H0 and accept H1 

Solved Problems 

1. The manager of a courier service believes that packets delivered at the beginning of the month 
are heavier than those delivered at the end of month. As an experiment, he weighed a random 
sample of 40 packets at the beginning of the month and found that the mean weight was 5.25 kg. 
A randomly selected 30 packets at the end of the month had a mean weight of 4.96 kg. It was 
observed from the past experience that the population variances are 1.20 kg and delivered at the 
beginning of the month weigh more? Test at 5% level of significance the packets  

Sol. Null Hypothesis:   H0: ߤଵ =  ߤଶ 

Alternative Hypothesis:    H1:  ߤଵ>ߤଶ 

Level of Significance:   α = 5%, Zα = 1.645 

Test Statistic:   ݖ௖௔௟  =  ௫భതതതതି௫మതതതതඨ഑భమ೙భା഑మమ೙మ  =  ହ.ଶହିସ.ଽ଺ට(భ.మబ)మరబ ା(భ.భఱ)మయబ  =  ହ.ଶହିସ.ଽ଺√଴.଴ଷ଺ା଴.଴ସସ  =  1.025 
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Decision:  ݖ௖௔௟  = 1.025 <ݖఈ = 1.645, Accept H0.  

At the 5%level of significance, there is insufficient evidence to conclude that packets delivered 

at the beginning of the month weigh more than those delivered at the end of the month. 

2. The means of two large samples of sizes 1000 and 2000 members are 68.5 inches and 68.0 inches 
respectively. Can the samples be regarded as drawn from the same population of S.D 2.5 inches. 
Test at 5% level of significance. 

Sol. Null Hypothesis: ߤଵ =  ߤଶ (the samples have been drawn from the same population of S.D 

2.5 inches) 

Alternative Hypothesis:    ߤଵ ≠  ଶߤ

Level of Significance:   α = 0.05, ݖమഀ   = 1.96 

Test Statistic:  ݖ௖௔௟  =  ௫భതതതതି௫మതതതതఙ ට భ೙భା భ೙మ  =  ଺଼..ହି଺଼
(ଶ.ହ)ට భభబబబା భమబబబ  =  5.16 

Decision:  ݖ௖௔௟ = 5.16 >ܼ ఈଶ  = 1.96, Reject H0.  

At the 5%level of significance, the two samples cannot be regarded as drawn from the same 

population. There is a significant difference between the population means. 

3. In a survey of buying habits, 400 shoppers are chosen at random in a super market situated in city 
A. Their average weekly food expenditure is Rs 275 with a S.D of Rs. 40. For 400 shoppers 
chosen at random in a super market situated in city B, the average weekly food expenditure is 
Rs.245 with a S.D of Rs. 55. Test whether the average weekly food expenditure of the two 
populations of shoppers is equal at 1% level of significance. 

Sol Null Hypothesis:     ߤଵ =  ߤଶ 

Alternative Hypothesis:    ߤଵ ≠  ଶߤ

Level of Significance:   α = 0.01, ݖమഀ   = 2.58 
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Test Statistic:  ܼ௖௔௟  =  ௫భതതതതି௫మതതതതඨೄభమ೙భାೄమమ೙మ
 =  ଶ଻ହିଶସହට(రబ)మరబబ ା(ఱఱ)మరబబ  =  8.82 

Decision:  ݖ௖௔௟ = 8.82 >ݖమഀ   = 2.58, Reject H0. 

At the 1%level of significance, there is sufficient evidence to conclude that the average weekly 

food expenditures of shoppers in the two cities are not equal. 

Exercise 

1. A sample of students were drawn from two colleges and from their weights in kilograms, 

mean and standard deviations are calculated and shown below. Make a large sample test to 

test significance of the difference between the means. 

 Mean S.D. Size of the 

sample 

College A 

College B 

55 

57 

10 

15 

400 

100 

2. The mean yield of a particular crop from village A was 210 pounds with S.D 10 pounds per 

acre from a sample of 100 plots. In another village B the mean yield was 220 pounds with 

S.D 12 pounds from a sample of 150 plots. Assuming that the S.D of yield in the entire state 

was 11 pounds, test whether there is any significant difference between the mean yield of 

crop in the two villages. 

3. Studying the flow of traffic at two busy intersections between 7pm and 9pm to determine the 

possible need for turn signals. It was found that on 40 week days there were on average 247.3 

vehicles approaching the first intersection from the north which made a left turn, while on 

30 week days there were on average 254.1 vehicles approaching the second intersection from 



 

133 | P r o b a b i l i t y  T h e o r y ,  S t a t i s t i c a l  I n f e r e n c e ,  a n d  S t o c h a s t i c  P r o c e s s e s  

 

the north made left turns. The corresponding sample SD are 15.2 and 12. Test the 

significance between the difference of two means at 5% level. 

III) Procedure for testing of Hypothesis for single proportion 

Suppose ̅݌ is proportion of the sample with size n taken from a normal population with 

proportion ܲ 

Null Hypothesis:   set up a null hypothesis    ܪ଴ :   ܲ =  ଴ܲ 

Alternative Hypothesis:  Set up an alternative hypothesis ܪଵ 

      (i)   ܪଵ :  ܲ ≠ ଴ܲ(two – tailed test) 

      (ii)  ܪଵ :   ܲ > ଴ܲ(Right – tailed test) 

      (iii) ܪଵ :   ܲ < ଴ܲ(Left – tailed test) 

Level of Significance:  Select α = 5% or 1%  

Test Statistic:  Calculate the test statistic  ݖ௖௔௟  =  ௣̅ି௉ටುೂ೙  

Conclusion:  Find the critical value ܼఈor ܼఈ/ଶat the level of significance α from the normal 

table. 

    If |Zcal| < critical value, accept H0 

 If |ZCal| >critical value, reject H0 and accept H1 
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Solved Problems 

1. Experience has shown that 20% of a manufactured product is of the top quality. In one day’s, 

production of 400 articles only 50 are of top quality. Test the hypothesis at 0.05 level. 

Sol. We have n = 400, x = 50 and p =  

Null Hypothesis ܪ଴ :  P = 0.2 

Alternative Hypothesis ܪଵ :  P ≠ 0.2 

Level of significance:   0.05 = ߙ 

Test statistics  ݖ௖௔௟  =  ௣̅ି௉ටುೂ೙  =  ଴.ଵଶହି଴.ଶටబ.మ∗బ.ఴరబబ  =  −3.75 

Since |ZCal| = 3.75 >ܼఈ/ଶ = 1.96.  

At the 0.05 level of significance, we reject the null hypothesis. There is strong evidence to 

conclude that the proportion of top-quality products in this day's production is significantly 

lower than the expected 20%.  

2. Natural cork in wine bottles is subject to deterioration, and as a result wine in such bottles may 

experience contamination. It is reported that, in a tasting of commercial wine bottles, 16 of 91 

bottles were considered spoiled to some extent by cork-associated characteristics. Does this data 

provide strong evidence for concluding that more than 15% of all such bottles are contaminated 

in this way? Test the hypothesis using 0.10 level of significance. 

Sol Null Hypothesis:        ܪ଴ :  P = 0.15. 

Alternate Hypothesis:   ܪଵ :  P > 0.15. 

Level of Significance:  α  = 0.10 
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Test Statistic: ݖ௖௔௟  =  ௣̅ି௉ටುೂ೙  =  ଴.ଵ଻ହ଼ି଴.ଵହටబ.భఱ∗బ.ఴఱవభ  =  0.69 

Decision:  |ZCal| = 0.69 <ܼఈ = 1.28 

Therefore, null hypothesis cannot be rejected.  

At the 10% level of significance, there is insufficient evidence to conclude that more than 15% 

of all such wine bottles are contaminated by cork-associated characteristics. 

3. 20 people were attacked by a virus and only 18 survived. will you reject the hypothesis that the 

survival rate if attacked by this virus is 85% in favour of the hypothesis that is more at 5% level. 

Sol. Sample size n = 20 

Number of survived people x = 18 

Proportion of survived people p  = ௫௡  =  ଵ଼ଶ଴  =  0.9 

P = 0.85 and Q = 0.15  

Null Hypothesis ܪ଴ :  P = 0.85. 

Alternative Hypothesis ܪଵ :  P > 0.85 (right one tailed test). 

Level of significance:   0.05 = ߙ 

Test statistics:  ݖ௖௔௟  =  ௣̅ି௉ටುೂ೙  =  ଴.ଽି଴.଼ହටబ.ఴఱ∗బ.భఱమబ  =  0.625 

Decision:  ݖ௖௔௟  = 0.625 < ܼఈ = 1.645, 

At the 5% level of significance, there is insufficient evidence to conclude that the survival rate is 

more than 85%. Hence, the hypothesis that the survival rate is 85% is not rejected. 
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We accept the Null Hypothesis ܪ଴  . 

i.e., the proportion of the survivors is 0.85. 

Exercise:  

1. A social worker believes that fewer than 25% of the couples in a certain area have ever used any 

form of fertility control. A random sample of 120 couples was contacted twenty of them said that 

they have used. Test the belief of the social worker at 0.05 level. 

2. In a random sample of 125 soda drinkers, 68 said they prefer Thums up to Pepsi. Test the null 

hypothesis P = 0.5 against the alternative hypothesis P > 0.5. 

3. In a sample of 1000 people in a particular country 540 prefer Brioche and the rest prefer 

wheatberry bread. Can we assume that both Brioche and wheatberry bread are equally popular in 

this country at 1% level of significance. 

4. In a study designed to investigate whether certain detonators used with explosives in coal mining 

meet the requirement that at least 90% will ignite the explosive when charged. It is found that 

174 of 200 detonators function properly. Test the null hypothesis P = 0.9 against the alternative 

hypothesis P ≠ 0.9 at 0.05 level of significance. 

IV)  Procedure for testing of Hypothesis for difference of proportions 

 Let p1 and p2 be the sample proportions in two large random samples of sizes ݊ଵand ݊ଶ drawn 

from two populations having proportions P1 and P2. 

Null Hypothesis: ܪ଴ set up a null hypothesis ܪ଴ :  ଵܲ  =  ଶܲ 

Alternative Hypothesis:   ܪଵ set appropriate alternate hypothesis 

(i) ܪଵ :  ଵܲ ≠ ଶܲ (two – tailed test) 

(ii) ܪଵ :  ଵܲ > ଶܲ (right one tailed test). 
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(iii) ܪଵ :  ଵܲ < ଶܲ (left one tailed test). 

Level of Significance:  α = 5% or 1%   
 

Test Statistic:  Calculate the test statistic 
 
(a)  When the population proportions ଵܲ and ଶܲ are known 

௖௔௟ݖ  =  
ଵ݌ − ଶට௉భொభ௡భ݌ + ௉మொమ௡మ  

 Where ܳଵ = 1 – ଵܲ and ܳଶ = 1 – ଶܲ 

(b)  When the population proportions ଵܲ and ଶܲ are not known but sample proportions p1 and 

p2 are known         

(i) Method of Substitution:  In this method, sample proportions p1 and p2 are substituted for ଵܲ and ଶܲ. 

௖௔௟ݖ  =  
ଵ݌ − ଶට௣భ௤భ௡భ݌ + ௣మ௤మ௡మ  

 Where ݍଵ = 1 – ݌ଵ and ݍଶ = 1 – ݌ଶ 

(ii)  Method of Pooling:  Estimate the value of p from the two populations proportions as  

= ݌  ௡భ௣భା௡మ௣మ௡భା௡మ = ݍ ,  1 −  ݌

Hence the test statistic is    ݖ௖௔௟  =  ௣భି௣మට௣௤( భ೙భା భ೙మ)
 

Conclusion:  If |Zcal| < Zα accept H0 

 If |ZCal| > Zα reject H0 and accept H1 
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Solved Problems 

1. The article “Aspirin Use and Survival After Diagnosis of Colorectal Cancer” (J. of the Amer. 

Med. Assoc., 2009:  649–658) reported that of 549 study participants who regularly used 

aspirin after being diagnosed with colorectal cancer, there were 81 colorectal cancer-specific 

deaths, whereas among 730 similarly diagnosed individuals who did not subsequently use 

aspirin, there were 141 colorectal cancer-specific deaths. Does this data suggest that the 

regular use of aspirin after diagnosis will decrease the incidence rate of colorectal cancer-

specific deaths? Let’s test the appropriate hypotheses using a significance level of 0.05. 

Sol. given ݊ଵ  = ଵ݌,549   =  ଼ଵହସଽ  =  0.1475, ݊ଶ  = ଶ݌,730   =  ଵସଵ଻ଷ଴  =  0.1931 

 ଵ be the proportion of participants who regularly used aspirin after being diagnosed with݌

colorectal cancer. ݌ଶ be the proportion of similarly diagnosed individuals who did not subsequently use aspirin 

Null Hypothesis ܪ଴ :  ଵܲ  =  ଶܲ 

Alternative Hypothesis ܪଵ :  ଵܲ < ଶܲ (left one tailed test). 

Level of significance:   0.05 = ߙ 

Test statistics:  ݖ௖௔௟  =  ௣భି௣మට௣௤( భ೙భା భ೙మ)
 =  ଴.ଵସ଻ହି଴.ଵଽଷଵට଴.ଵ଻ଷ଺∗଴.଼ଶ଺ସ( భఱరవା భళయబ)

 =  −2.41 

Where, ݌ =  ௡భ௣భା௡మ௣మ௡భା௡మ  =  ହସଽ∗଴.ଵସ଻ହା଻ଷ଴∗଴.ଵଽଷଵହସଽା଻ଷ଴  = = ݍ ,0.1736   1 − = ݌  0.8264 

     Decision:  ݖ௖௔௟  = |−2.41| > ܼఈ = 1.645 

At the 5% level of significance, the data provides sufficient evidence to conclude that regular 

aspirin use after diagnosis decreases the incidence rate of colorectal cancer-specific deaths. 

       We reject the Null Hypothesis ܪ଴. 
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2. In two large cities, 30%, and 25% of the population are respectively left-handed. Is this 

difference between two proportions significant if samples of 1200 and 900 respectively are 

drawn from the two populations. 

Sol. given ݊ଵ  = ଵ݌,1200   =  0.3, ݊ଶ  =  900, ଶ݌  =  0.25 

Null Hypothesis ܪ଴ :  P1 = P2. i.e. there is no significant difference. 

Alternative Hypothesisܪଵ  :  P1≠ P2, i.e. There is a difference (two tailed test). 

Level of significance 0.05 = ߙ 

Number of left-handed persons:  ݔଵ  =  0.30(1200)  = ଶݔ 360   =  0.25(900)  =  225 

Pooled proportion:  

̂݌  =  
ଵݔ + ଶ݊ଵݔ + ݊ଶ 

̂݌  =  
360 + 225

1200 + 900
 

̂݌  =  
585

2100
̂݌   = ොݍ 0.2786   =  1 − ̂݌  =  1 − 0.2786 =  0.7214 

Test statistics:   ݖ௖௔௟  =  ଴.ଷ଴ି଴.ଶହඨ(଴.ଶ଻଼଺)(଴.଻ଶଵସ)൬ ଵଵଶ଴଴+
ଵଽ଴଴൰ 

 =  
0.05ඥ0.2010(0.000833 + 0.001111)

 

 =  
0.05ඥ0.2010(0.001944)
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 =  
0.05√0.000391

 

 =  
0.05

0.0198
௖௔௟ݖ  ≈ 2.53 

    Decision:  ݖ௖௔௟  = 2.53 >  ଴ܪ మഀ = 1.96, We reject the Null Hypothesisݖ

The difference between the proportions of left-handed people in the two cities is significant. 

Hence, the two population proportions are not equal. 

3. A two-wheeler manufacturing firm claims that its model A two-wheeler outsells its model B 

by 8%. If it is found that 42 out of a sample of 200 bike drivers prefer model A and 18 out 

of another sample of 100 bike drivers prefer model B, test whether the 8% difference is a 

valid claim. 

Sol. given ݊ଵ  = ଵ݌,200   =  0.21, ݊ଶ  =  100, ଶ݌  =  0.18 

Null Hypothesis ܪ଴ :  P1 - P2 = 0.08 i.e., there is 8% difference in the sale of two models is a 

valid claim. 

Alternative Hypothesis ܪଵ :  P1 - P2> 0.08 (Right one tailed test).  

Level of significance 0.05 = ߙ 

Test statistics:  ݖ௖௔௟  =  (௣భି௣మ)ି(௉భି௉మ)ට௣௤( భ೙భା భ೙మ)
 =  ଴.଴ଷି଴.଴଼ට଴.ଶ∗଴.଼( భమబబା భభబబ)

 =  −1.02 

Where, ݌ =  ௡భ௣భା௡మ௣మ௡భା௡మ  =  ଶ଴଴∗଴.ଶଵାଵ଴଴∗଴.ଵ଼ଶ଴଴ାଵ଴଴  = = ݍ ,0.2   1 − = ݌  0.8 

     Decision:  ݖ௖௔௟  = |−1.02| < ܼఈ = 1.645, We accept the Null Hypothesis ܪ଴. 

.The claim that Model A outsells Model B by 8% is accepted. 
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Exercise 

1. On the basis of their total scores, 200 candidates of a civil service examination are divided 

into two groups, the upper 30% and the remaining 70%. consider the first question of the 

examination. Among the first group ,40 had the correct answer, whereas among the second 

group,80 had the correct answer. On the basis of these results can one conclude that the first 

question is not good at discriminating ability of the type being examined here? 

2. A manufacturer of electronic equipment subjects’ samples of two completing brands of 

transistors to an accelerated performance test. If 45 of 180 transistors of the first kind and 34 

of 120 transistors of the second kind fail the test, what can he conclude at the level of 

significance 0.05 about the difference between the corresponding sample proportions? 

3. Random samples of 400 men and 600 women were asked whether they would like to have a 

cinema hall near their residence. 200 men and 325 women were in favour of the proposal. 

Test the hypothesis that proportions of men and women in favour of the proposal are the 

same at 5% level. 



 

142 | P r o b a b i l i t y  T h e o r y ,  S t a t i s t i c a l  I n f e r e n c e ,  a n d  S t o c h a s t i c  P r o c e s s e s  

UNIT 6 

TTesting of Hypothesis (Small Samples) 

The following are some important tests for small samples 

 (i) Student’s ‘t’ test,  (ii) F-test              (iii) ߯ଶ- test 

Degrees of Freedom (d.o.f.):  The number of independent variates which make up the statistic 

is known as the degree of freedom (d.o.f.). It is denoted by ߥ (the letter ‘Nu’ of the Greek 

alphabet). If n is the sample size then (d.o.f.) = ߥ  = n-1. If there are 2 samples of sizes ࢔૚and ࢔૛ then ߥ = ૚࢔  − ૛࢔ − ૛. 

Test of Significance for small samples 

There are 4 tests of significance for small samples 

I. Test for single mean 

II. Test for difference of means 

III. Paired Sample t – Test 

IV. F-Test for difference between two variances 

V. F-Test for equality between several means (ANOVA) 

VI. ߯ଶ-Test for population variance 

VII. Test for Goodness of fit 

Student’s ‘t’ test:  

I) Procedure for testing of Hypothesis for single mean 

If ̅ݔ is the mean of the random sample of size n taken from a normal population with mean μ 

and sample Standard deviationݏ. 
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Null Hypothesis:    H0:  μ = μ0  

Alternative Hypothesis:  Set up an Alternative Hypothesis H1  

 (i) H1 : μ  ≠ μ0 (two – tailed test) 

  (ii) H1 :  μ > μ0 (Right – tailed test) 

 (iii) H1 :  μ < μ0 (Left – tailed test) 

Level of Significance:  Select α = 5% or 1% 

Test Statistic:  Calculate the test statistic 

     (i) if sample data set is given,  ݐ௖௔௟  =  ௫̅ିఓೞ√೙  

Where  ̅ݔ  =  ∑௫௡ , sample standard deviation (ݏ)  =  ට∑(௫ି௫̅)మ௡ିଵ  

     (ii) if sample measures are given directly,  ݐ௖௔௟  =  ௫̅ିఓೞ√೙షభ  

Decision:  Find the critical value tαor tα/2at the level of significance α from the normal table.  

If |tcal| <critical value, accept H0 

 If |tCal| >critical value, reject H0 and accept H1 

Solved Problems 

1. The average breaking strength of the steel rods is specified to be 18.5 thousand pounds. To test 

this sample of 14 rods were tested. The mean and S.D. obtained were 17.85 and 1.955 

respectively. Is the result of the experiment significant? 

Sol Given  ̅17.85 =  ݔ, n = 14, μ = 18.5, S.D. (s) = 1.955 

Null Hypothesis Ho:    μ = 18.5 
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Alternative Hypothesis H1:  μ ≠ 18.5 (two – tailed test) 

Level of Significance:  α = 0.05 

Test Statistic:   ݐ௖௔௟  =  ௫̅ିఓೞ√೙షభ  =  ଵ଻.଼ହିଵ଼.ହభ.వఱఱ√భయ  =  −1.199 

Conclusion:  ݐమഀ  = 2.16 at 5% level of significance with n-1 = 13 d.f. from t-distribution table.                   

  |tcal| = |-1.199| <ݐమഀ   = 2.16 

We accept Ho. Hence, there is no sufficient evidence to conclude that the average breaking 

strength differs from 18.5 thousand pounds. 

2. It is claimed that sports-car owners drive on average mileage 18580 kms per year. A consumer 

firm believes that the average mileage is probably higher. To check, the consumer firm obtained 

information from randomly selected 10 sports-car owners that resulted in a sample mean of 

17352 kms with a sample standard deviation of 2012 kms. What can be concluded about this 

claim at 5% level. 

Sol Given  ̅17352 =  ݔ, n = 10, μ = 18580, S.D. (s) = 2012 

Null Hypothesis Ho:    μ = 18580 

Alternative Hypothesis H1:  μ > 18580 (right – tailed test) 

Level of Significance:  α = 0.05 

Test Statistic:   ݐ௖௔௟  =  ௫̅ିఓೞ√೙షభ  =  ଵ଻ଷହଶିଵ଼ହ଼଴మబభమ√వ  =  −1.929 

Conclusion:  tα = 1.833 at 5% level of significance with n-1 = 9 d.o.f. from t-distribution table. 

As, tcal = −1.929< tα  = 1.833, We fail to reject Ho. 

Hence, there is no evidence to support the claim that sports-car owners drive more than 18580 

km per year on average. 



 

145 | P r o b a b i l i t y  T h e o r y ,  S t a t i s t i c a l  I n f e r e n c e ,  a n d  S t o c h a s t i c  P r o c e s s e s  

3. In an air-pollution study performed at an experiment station, the following amounts of 

suspended benzene-Soluble organic matter (in micrograms per cubic meter) were obtained for 

eight different samples of air:  2.2, 1.8, 3.1, 2.0, 2.4, 2.0, 2.1, and 1.2. Test whether the 

corresponding true mean is 2.5 at 5% level. 

Sol Given eight different samples of air:  2.2, 1.8, 3.1, 2.0, 2.4, 2.0, 2.1, and 1.2, n = 8, μ = 2.5. 

ݔ ݔ − ݔ) ݔ̅ −  ଶ(ݔ̅

2.2 

1.8 

3.1 

2.0 

2.4 

2.0 

2.1 

1.2 

0.1 

-.0.3 

1 

-0.1 

0.3 

-0.1 

0 

-0.9 

0.01 

0.09 

1 

0.01 

0.09 

0.01 

0 

0.81 

16.8  2.02 

= ݏ  ඨ2.02
7

 

= ݏ ݏ 0.2886√  ≈ 0.537 

Null Hypothesis Ho:    μ = 2.5 

Alternative Hypothesis H1:  μ ≠ 2.5 (two – tailed test) 

Level of Significance:  α = 0.05 



 

146 | P r o b a b i l i t y  T h e o r y ,  S t a t i s t i c a l  I n f e r e n c e ,  a n d  S t o c h a s t i c  P r o c e s s e s  

Test Statistic 

= ݐ  
ݔ̄ − ݊√/ݏ଴ߤ  

 =  
2.1 − 2.5
0.537/√8

 

 =  
−0.4

0.537/2.828
 

 =  
−0.4
0.190

ݐ  ≈ −2.11 

d.f. =  ݊ − 1 =  8 − 1 =  7 

At 5% level for a two-tailed test and 7 d.o.f, ݐ଴.଴ହ  =  2.365 

Conclusion:  ∣ ݐ ∣ =  2.11 

2.11 < 2.365 

Therefore, we fail to reject ܪ଴.Hence, there is no sufficient evidence to conclude that the 

true mean differs from 2.5 micrograms per cubic meter. 

 

Exercise 

1. A mechanic is making engine parts with axle diameters of 0.700 inch. A random sample of 10 
parts shows a mean diameter of 0.742 inch with a S.D. of 0.040 inch. Test whether the work is 
meeting the specification at 0.05 level of significance. 

2. A random sample of 10 boys had the following I.Q’s :  70, 120, 110, 101, 88, 83, 95, 98, 107 
and 100. Does this data support the assumption of a population mean I.Q. of 100? 

3. Inspecting ceramic tiles prior to their shipment, a quality-control engineer detects 2, 3, 6, 0, 4, 
and 9 defects in six cartons, each containing 144 tiles. Assuming that the data can be looked 
upon as a random sample from a normal population, what can he assert with 99% confidence 
that the true average number of defectives per carton is 5? 
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II) Procedure for testing of Hypothesis for difference of means 

Supposeݔଵതതത and ݔଶതതത be the means of the two small samples with sizes ݊ଵ and ݊ଶ drawn from 

two populations having means ߤଵ and  ߤଶ and sample S.D.’s ݏଵand ݏଶ. To test whether the 

two-population means are equal. 

Null Hypothesis:   set up a null hypothesis H0 ߤଵ =  ߤଶ 

Alternative Hypothesis:  Set appropriate alternative Hypothesis H1 

Level of Significance:   Select α = 5% or 1%  

Test Statistic:  Calculate the test statistic        

 Case(i):  If two populations have equal variances, we use Pooled t-test  

௖௔௟ݐ  =  ௫భതതതത ି௫మതതതതௌ೛ට భ೙భା భ೙మ Where ܵ௣ଶ  =  (௡భିଵ)௦భమା(௡మିଵ)௦మమ௡భା ௡మିଶ  

Case(ii):  If two populations have unequal variances 

௖௔௟ݐ  =  
ଵതതതݔ  − ଶതതതට௦భమ௡భݔ + ௦మమ௡మ

 

Conclusion: Find the critical value ݐఈor ݐఈ/ଶat the level of significance ߙ with ݊ଵ + ݊ଶ − 2 

d.f. from t-distribution table.         

If |tcal| < Critical Value, accept H0 

If |tCal| > Critical Value, reject H0 and accept H1 

Solved Problems 

1. The IQ’s of 16 students from one workshop showed a mean of 107 with standard deviation of 

10. while the IQ’s of 14 students from another workshop showed a mean of 112 with standard 
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deviation of 8. Is there any significant difference between the IQ’s of the two groups at 5% 

level of significance.  

Sol Given ݊ଵ  =  16, ଵݏ  =  10, ଵതതതݔ    =  107,݊ଶ  =  14, ଶݏ  =  8, ଶതതതݔ   =  112  

Null Hypothesis:   H0  ߤଵ =  ߤଶ 

Alternative Hypothesis:   H1 ߤଵ ≠  ଶߤ

Level of Significance:   α = 5%   

Test Statistic:   ݐ௖௔௟  =  ௫̄భି௫̄మௌ೛ට భ೙భା భ೙మ  =  ଵ଴଻ିଵଵଶଽ.ଵଷට భభలା భభర  =  −1.445  

ܹℎ݁݁ݎ ܵ௣ଶ  =  
(݊ଵ − ଵଶݏ(1 + (݊ଶ − ଶଶ݊ଵݏ(1 +  ݊ଶ − 2

 =  
15 ∗ 10ଶ + 13 ∗ 8ଶ

28
 =  83.28, = ݏ  9.13 

Decision:  ݐమഀ   = 2.048 at 16+14-2 = 28 d.f.  

  .మഀ  = 2.048, Accept H0ݐ>|௖௔௟|  = |−1.445ݐ|

There is no significant difference between the IQs of the two groups at the 5% level of 

significance. 

2. Random samples of 15 and 10 were selected from two thermistors. The sample means were 

315, 303 and sample standard deviations were 3.8, 4.9 respectively. Test whether there is any 

significant difference in the means of two thermocouples at 5% level of significance. 

Sol Given ݊ଵ  =  15, ଵݏ  =  3.8, ଵതതതݔ    =  315,݊ଶ  =  10, ଶݏ  =  4.9, ଶതതതݔ   =  303  

Null Hypothesis:   H0: ߤଵ =  ߤଶ 

Alternative Hypothesis:   H1 : ߤଵ ≠  ଶߤ

Level of Significance:   α = 5%   
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Test Statistic 

= ݐ  
ଵݔ̄ − ଶܵ௣ටݔ̄ ଵ௡భ + ଵ௡మ 

 =  
315 − 303

4.26ට ଵଵହ + ଵଵ଴  =  
12

4.26(0.408)  =  
12

1.738
 

ݐ ≈ 6.90 

Where  ܵ௣ଶ  =  
(݊ଵ − ଵଶݏ(1 + (݊ଶ − ଶଶ݊ଵݏ(1 + ݊ଶ − 2

 

ܵ௣ଶ  =  
14(3.8)ଶ + 9(4.9)ଶ

15 + 10 − 2
 

 =  
14(14.44) + 9(24.01)

23
 

 =  
202.16 + 216.09

23
 ܵ௣ଶ ≈ 18.18 ܵ௣  =  √18.18 ≈ 4.26 

Decision 

At 5% level of significance for a two-tailed test and d.o.f. =  ݊ଵ + ݊ଶ − 2 =  15 + 10 −
2 = ଴.଴ଶହݐ ,23   =  2.069 ∣ ݐ ∣ = 6.90 > ଴.଴ଶହݐ = 2.069 

Therefore, we reject ܪ଴. There is a significant difference between the mean values of 

the two thermocouples at the 5% level of significance. 

3. Two athletes X and Y were tested according to the time (in seconds) to run a particular 

track with the following results. 
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Athletes X 28 30 32 33 33 29 34 

Athletes Y 29 30 30 24 27 29  

Test whether the two athletes have the same running capacity. 

Sol Given ݊ଵ  =  7,݊ଶ  =  6 

 xത  =  ∑ ௫௡భ  =  31.286, yത  =  ∑ ௬௡మ  =  28.16 

ݔ ݔ − ݔ) ݔ̅ − ݕ ݕ ଶ(ݔ̅ − ݕ) തݕ −  ത)ଶݕ

28 

30 

32 

33 

33 

29 

34 

-3.286 

-1.286 

0.714 

1.714 

1.714 

-2.286 

2.714 

10.8 

1.6538 

0.51 

2.94 

2.94 

5.226 

7.366 

29 

30 

30 

24 

27 

29 

0.84 

1.84 

1.84 

-4.16 

-1.16 

0.84 

 

0.7056 

3.3856 

3.3856 

17.3056 

1.3456 

0.7056 

219  31.4358 169  26.8336 

S.D. (ܵ௣) = ට∑(௫ି୶ത)మା∑(௬ି୷ഥ)మ௡భା௡మିଶ  =  ටଷଵ.ସଷହ଼ାଶ଺.଼ଷ଺ଵଵ  =  √5.23  =  2.286 

Null Hypothesis:   H0   ߤଵ =  ߤଶ    i.e. the two athletes have the same running capacity. 
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Alternative Hypothesis:   H1 ߤଵ ≠  ଶߤ

Level of Significance:   α = 5%, ݐమഀ  = 2.201 at 7+6-2 = 11 d.f. 

Test Statistic:   ݐ௖௔௟  = = ݐ   ௫̄భି௫̄మௌ೛ට భ೙భା భ೙మ  =  ଷଵ.ଶ଼଺ିଶ଼.ଵ଺ଶ.ଶ଼଺ටభళାభల  =  2.443 

Decision:  ݐ௖௔௟ = 2.443 >ݐమഀ  = 2.201, Reject H0. There is a significant difference between the 

running capacities of the two athletes at the 5% level of significance. 

Exercise 

1. The means of two random samples of sizes 9 and 7 are 196.42 and 198.82 respectively. The 

sum of the squares of the deviations from the mean are 26.94 and 18.73 respectively. Can the 

sample be considered to have been drawn from the same normal population. 

2. Samples of two types of light bulbs were tested for length of life and following data were 

obtained 

 Type I Type II 

Sample size   

Sample mean hours 

Sample S.D.   

݊ଵ  = 8 ̅ݏ 1234 =  ݔଵ  = 36 hrs 

݊ଶ = 7 ݕത = 1036 hrs ݏଶ  = 40 hrs 

Is the difference in the means sufficient to warrant that type I is superior to type II regarding length 

of life. 
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III) PAIRED – SAMPLE t – TEST 

This test is used to test whether any significance difference before and after some experiment 

or training etc. 

Null Hypothesis:  ܪ଴: ߤௗ  =  0 

Alternative Hypothesis:   ܪଵ: ߤௗ ≠ 0(two – tailed test) ܪଵ: ߤௗ > 0 (Right tailed test) ܪଵ: ߤௗ < 0 (Left tailed test) 

where ߤௗis the mean difference.d = After - Before. Or d = Before-After 

Level of Significance:   Select α = 5% or 1%   

Test Statistic:  For paired t-test,  

= ݐ  ௗ̄௦೏/√௡   where ݀̅  =  ∑ௗ೔௡ and ݏଶ  =  ଵ௡ିଵ∑ (݀௜ − ݀̅)ଶ௡௜ ୀ ଵ  

Conclusion:  Find the critical value ݐఈor ݐఈ/2 at the level of significance ߙ with ݊ − 1 d.f. 

from t-distribution table.         

If |tcal| < Critical Value, accept H0 

If |tCal| > Critical Value, reject H0 and accept H1 

1. The blood Pressure of 5 men before and after intake of a certain syrup are given below 

Before 110 120 125 132 125 

After 120 118 125 136 121 

Test whether there is significant change in Blood Pressure at 1% level of significance. 
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Solܰ.ܪ.ܪ଴: ߤௗ  =  0 

A.H. ܪଵ: ߤௗ ≠ 0 (a two-tailed test) 

where ߤௗis the mean difference. 

ܶܽ݇݁ ݀ =  After − Before 

Person ݀ =  After − Before 

1 10 

2 -2 

3 0 

4 4 

5 -4 

∑݀ =  10 − 2 + 0 + 4 − 4 =  8 ݀̄  =  
8
5

 =  1.6 

 

݀ ݀ − ݀̄ ൫݀ − ݀̄൯ଶ 

10 8.4 70.56 

-2 -3.6 12.96 
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݀ ݀ − ݀̄ ൫݀ − ݀̄൯ଶ 

0 -1.6 2.56 

4 2.4 5.76 

-4 -5.6 31.36 

∑(݀ − ݀̄)ଶ  =  123.20 

ௗݏ  =  ඨ123.20
5 − 1

 

 = ௗݏ 30.8√  ≈ 5.55 

 

Test Statistic:  For paired t-test, 

= ݐ  
 ݊√/ௗݏ̄݀

= ݐ  
1.6

5.55/√5
 

 =  
1.6

5.55/2.236
 

 =  
1.6

2.48
ݐ  ≈ 0.645 

d.o.f. =  ݊ − 1 =  5 − 1 =  4 
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At 1% level of significance for a two-tailed test and 4 d.f.,ݐ଴.଴ଵ  =  4.604 

Decision ∣ ݐ ∣ =  0.645 

0.645 < 4.604 

 

Therefore, fail to reject ܪ଴.There is no significant change in blood pressure after intake of the 

syrup at the 1% level of significance. 

IV) SNEDECOR’S F – TEST OF SIGNIFICANCE 

 F – test is used to test whether there is any significance difference between the variances. 

Let two independent random samples of sizes ݊ଵ and ݊ଶ be drawn from two normal 

populations. To test the hypothesis that the two population variances ߪଵଶand  ߪଶଶ are equal.  

Null Hypothesis:    H0  ߪଵଶ  =  ଶଶߪ 

Alternative Hypothesis:  H1  ߪଵଶ ≠  ଶଶߪ

Level of Significance:   Select α = 5% or 1%  

Test Statistic:   ܨ௖௔௟  =  ௌభమௌమమ  if ܵଵଶ > ܵଶଶ    or  ܨ௖௔௟  =  ௌమమௌభమ  if ܵଶଶ > ܵଵଶ 

ܵଵଶ  =  ௡భ௦భమ௡భିଵ  =  ∑(௫ି௫̅)మ௡భିଵ ,  ܵଶଶ  =  ௡మ௦మమ௡మିଵ  =  ∑(௬ି௬ത)మ௡మିଵ  

Where ݏଵଶ and ݏଶଶ are the variances of the two samples. 

Conclusion:  Find the critical value ܨఈ at the level of significance α with ߥଵ  =  ݊ଵ − 1 and ߥଶ  =  ݊ଶ − 1 d.f. from F-distribution table. 

  If |ܨ௖௔௟   ఈ accept H0ܨ> |

  If |ܨ௖௔௟ ఈܨ< | , reject H0   and accept H1  
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Solved Problems 

1. In one sample of 8 observations from a normal population, the sum of the squares of 

deviations of the sample values from the sample mean is 84.4 and in another sample of 10 

observations it was 102.6. Test at 5% level whether the populations have the same 

variance. 

Sol  Given ݊ଵ = 8, ݊ଶ = 10, ∑(ݔ − ଶ(ݔ̅  = ݔ)∑ ,84.4  − ଶ(ݔ̅  =  102.6,  

ܵଵଶ  =  ∑(௫ି௫̅)మ௡భିଵ  =  ଼ସ.ସ଻  =  12.057,  ܵଶଶ  =  ∑(௬ି௬ത)మ௡మିଵ  =  ଵ଴ଶ.଺ଽ  =  11.4 

Null Hypothesis:    H0 ߪଵଶ  =  ଶଶߪ 

Alternative Hypothesis:  H1 ߪଵଶ ≠  ଶଶߪ

Level of Significance:   Select α = 5%  

Test Statistic:   ܨ௖௔௟  =  ௌభమௌమమ  =  ଵଶ.଴ହ଻ଵଵ.ସ  =  1.057  since, ܵଵଶ > ܵଶଶ 

Conclusion:  ܨ଴.଴ହ(7,9)  =  3.29 from the F-distribution table. ܨ௖௔௟  =  1.057 < ଴.଴ହܨ  =  3.29 accept H0  

         i.e. the populations have the same variance. 

2. Two random samples reveal the following results.  

Sample Size Sample Mean Sum of Squares of deviations from the Mean 

1 10 15 90 

2 12 14 108 

Test whether the samples came from the same normal population with equal variances. 
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Sol  Given ݊ଵ = 10, ݊ଶ = 12, ∑(ݔ − ଶ(ݔ̅  = ݕ)∑ ,90  − ത)ଶݕ  =  108 ܵଵଶ  =  ∑(௫ି௫̅)మ௡భିଵ  =  ଽ଴ଽ  =  10, 

ܵଶଶ  =  
ݕ)∑ − ത)ଶ݊ଶݕ − 1

 =  
108
11

 =  9.81 

To belong to the same normal population, both population parameters must match:  ߤଵ  = ଵଶߪ ଶ andߤ   =  ଶଶߪ 

This involves two tests:  

1. Test equality of variances → F-test  

2. Test equality of means → t-test (using pooled variance)  

 Test for Equality of Variances 

Null Hypothesis:    ܪ଴ ߪଵଶ  =  ଶଶߪ 

Alternative Hypothesis:  ܪଵ ߪଵଶ ≠  ଶଶߪ

Level of Significance:   Select α = 5%  

Test Statistic:   ܨ௖௔௟  =  ௌభమௌమమ  =  ଵ଴ଽ.଼ଵ  =  1.019  since, ܵଵଶ > ܵଶଶ 

Conclusion:  ܨ଴.଴ହ(9,11)  =  3.10 from the F-distribution table. ܨ௖௔௟  =  1.019 < ଴.଴ହܨ  =  3.1, accept H0 

Test for Equality of Means 

Now use pooled variance t-test. 

Null Hypothesis ܪ଴: ߤଵ  =  ଶߤ 

Alternative Hypothesis  ܪଵ: ߤଵ ≠ ଶ ܵ௣ଶߤ  =  
90 + 108

10 + 12 − 2
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 =  9.9 

ܵ௣  =  √9.9  =  3.146 

Test Statistic:  ݐ =  ௫̄భି௫̄మௌ೛ට భ೙భା భ೙మ  = ଵହିଵସଷ.ଵସ଺ට భభబା భభమ 
 =  

1
3.146√0.1 + 0.0833

ݐ  ≈ 0.74 

d.o.f. ݊ଵ + ݊ଶ − 2 =  20 

Critical value at 5% level: ݐ଴.଴ହ,ଶ଴  =  2.086 

Since, 0.74 < 2.086 

we accept ܪ଴. 

The difference between the sample means is not significant and the variances are also equal. 

Hence, the two samples may be regarded as having come from the same normal population 

with equal variances. 

(V) Test for Equality of several means (ANOVA) 
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      nଵ + nଶ + nଷ + ... + n୩  =  n  

Cଵ + Cଶ + Cଷ + ... + C୩  =  G 

Calculation of sum of squares 

1. Correction factor (CF):  ୋమ୬  
2. Total sum of squares (TSS):  ∑ ∑ xij

ଶ − CF୨୧  

3. Between group sum of squares (GSS):  ∑ େ౟మ୬౟୩୧ ୀ ଵ − CF 

4. Within group sum of squares (WSS):  TSS – GSS 

ANOVA Table 

MGSS- Mean group sum 

of  squares 

MWSS- Mean within 

group sum of squares 

 

 

Null Hypothesis:    H0  μଵ  =  μଶ  =  ... =  μ୩      

Alternative Hypothesis:  H1 μଵ ≠ μଶ ≠ ... ≠ μ୩ (Not all the means are equal) 

Level of Significance:   Select α = 5% or 1%  

Test Statistic:   ܨ =  MGSS
MWSS

 

Conclusion:   If ܨ௖௔௟ >≈  .with k-1,n-k d.o.f. null Hypothesis H0 is rejected (௞ିଵ,௡ି௞)ܨ
Otherwise H0 is accepted. 

Solved Problem 

1. Setup an ANOVA table for the following per acre production data for 3 varieties of wheat each 
grown on 4 plots and state if the variety differences are significant. 
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Plot of Land Variety of Wheat 

A B C 

1 6 5 5 

2 7 5 4 

3 3 3 3 

4 8 7 4 

Sol. Null Hypothesis:    H0  μଵ  =  μଶ  =  μଷ      

Alternative Hypothesis:  H1 μଵ ≠ μଶ ≠ μଷ (Not all the means are equal) 

Level of Significance:   Select α = 5%  

Calculation of sum of squares 

1. Correction factor (CF):  ୋమ୬  =  ଺଴మଵଶ  =  300 
2. Total sum of squares (TSS):  ∑ ∑ xij

ଶ − CF୨୧  =  32 

3. Between group sum of squares (GSS):  ∑ େ౟మ୬౟୩୧ ୀ ଵ − CF  

= 
24ଶ

4
+

20ଶ
4

+
16ଶ

4
− 300 =  8 

4. Within group sum of squares (WSS):  TSS – GSS = 32-8 = 24 

ANOVA Table 

Source of Variation d.o.f Sum of Squares Mean Sum of Squares F-ratio 

Between Groups 3-1 = 2 8 ܵܵܩܯ =  
8
2

 =  4  

= ܨ  
4

2.67
 =  1.498 

Within Groups 12-3 = 9 24 ܹܵܵܯ =  
24
9

 =  2.67 

Total 11 32   
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Test Statistic:   ܨ =  MGSS
MWSS

 =  ସଶ.଺଻  =  1.498 

Conclusion:   If ܨ௖௔௟  =  1.498  < (ଶ,ଽ)ܨ  =  4.26 with (2,9)d.o.f.  

Therefore, Null Hypothesis H0 is accepted. 

2. A test was given to 5 students taken at random from 5th standard of 3 schools of a city. 
The individual scores are given below. Test if there is a significant difference between 
schools. 

 

Students Schools 

School-1 School-2 School-3 

Student-1 9 7 6 

Student-2 7 4 5 

Student-3 6 5 6 

Student-4 5 4 7 

Student-5 8 5 6 

Sol. Null Hypothesis:    H0  μଵ  =  μଶ  =  μଷ      

Alternative Hypothesis:  H1 μଵ ≠ μଶ ≠ μଷ(Not all the means are equal) 

Level of Significance:   Select α = 5%  

Calculation of sum of squares 

1. Correction factor (CF):  ୋమ୬  =  ଽ଴మଵହ  =  540 

2. Total sum of squares (TSS):  ∑ ∑ xij
ଶ − CF୨୧  =  568 − 540 =  28 

3. Between group sum of squares (GSS):  
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 GSS= ෍ C୧ଶ
n୧

୩
୧ ୀ ଵ − CF 

 = 
35ଶ

5
+

25ଶ
5

+
30ଶ

5
− 540  

                                                   =  10 

4. Within group sum of squares (WSS):  TSS – GSS = 28-10 = 18 

ANOVA Table 

Source of 
Variation 

d.o.f Sum of 
Squares 

Mean Sum of 
Squares 

F-ratio 

Between Groups 3-1 = 2 10 ܵܵܩܯ =  
10
2

 =  5  

= ܨ  
5

1.5
 =  3.33 

Within Groups 15-3 = 12 18 ܹܵܵܯ =  
18
12

 
=  1.5 

Total 14 28   

Test Statistic:   ܨ =  MGSS
MWSS

 =  ହଵ.ହ  =  3.33 

Conclusion:   If ܨ௖௔௟  =  3.33  < (ଶ,ଵଶ)ܨ  =  3.89 with (2,12)d.o.f.  

Therefore, Null Hypothesis H0 is accepted. 

Exercise 

1.The following data give the yields on 12 plots of land in three samples under 3 varieties of 

fertilizers. 
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A B C 

25 20 24 

22 17 26 

24 16 30 

21 19 20 

Test at 5% level of significance whether there is any difference between the yield of the 

varieties. 

F (2, 9) at 5% level is 4.26 

2. Three drying formulas for curing glue are studied 

Formula A 13 10 8 11 8   

Formula B 13 11 14 14     

Formula C 4 1 3 4 2 4 

Test at 5% level of significance whether is any difference in the mean curing time of glue? 

F(0.05; 2, 12) = 3.885 

(VI)  ࣑૛-TEST FOR POPULATION VARIANCE 

To test whether the population variance ߪଶ is equal to ߪ଴ଶ using sample data. 

Null Hypothesis:    H0 ߪଶ  =  ଴ଶߪ 

Alternative Hypothesis:  H1 ߪଶ ≠  ଴ଶߪ

Level of Significance:   Select α = 5% or 1%  

Test Statistic:   ߯ଶ௖௔௟  =  (௡ିଵ)௦మఙమ  =  ∑(௫ି௫̅)మఙమ  
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Conclusion:   If ߯ଶ௖௔௟ > ߯ଶఈ with n-1 d.f. the Null Hypothesis H0 is rejected. Otherwise H0 is 

accepted. 

Solved Problems 

1. Plastic sheeting produced by a machine must be periodically monitored for possible fluctuations 

in thickness. Uncontrollable variation in the viscosity of the liquid mold produces some 

variation in thickness. Based on experience with a great many samples, when the machine is 

working well, an observation on thickness has a normal distribution with standard deviation σ 

= 1.2 mm. Samples of 20 thickness measurements are collected regularly. A value of the sample 

standard deviation exceeding 1.4mm signals concern about the product. Find whether σ = 1.2 

mm, at 5% level. 

Sol Null Hypothesis:    H0 ߪଶ  =  (1.2)ଶ 

Alternative Hypothesis:  H1 ߪଶ > (1.2)ଶ 

Level of Significance:   Select α = 5%  

Test Statistic:   ߯ଶ௖௔௟  =  (௡ିଵ)௦మఙమ  =  ଵଽ∗(ଵ.ସ)మ
(ଵ.ଶ)మ  =  25.86 

Conclusion:   If ߯ଶ௖௔௟   =  25.86 < ߯ଶఈ  =  30.1  with n-1 = 19 d.o.f. the null Hypothesis H0 

is accepted. There is no significant evidence at the 5% level to conclude that the population 

standard deviation exceeds 1.2 mm. 

2. An optical firm purchases glass to be ground into lenses, and it is known from past experience 

that the variance of the refractive index of this kind of glass is 1.26 ∗ 10ିସ. As it is important 

that the various pieces of glass have nearly the same index of refraction, the firm receives a 

shipment of sample variance of 20 pieces selected at random to be  2.00 ∗ 10ିସ. Assuming that 

the sample values may be looked upon as a random sample from a normal population, can we 

reject ߪଶ  =  1.26 ∗ 10ିସ at 5% level. 

Sol  Null Hypothesis:    H0 ߪଶ  =  1.26 ∗ 10ିସ 
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Alternative Hypothesis:  H1 ߪଶ ≠ 1.26 ∗ 10ିସ 

Level of Significance:   Select α = 5%  

Test Statistic:   ߯ଶ௖௔௟  =  (௡ିଵ)௦మఙమ  =  ଵଽ∗(ଶ.଴଴∗ଵ଴షర)ଵ.ଶ଺∗ଵ଴షర  =  30.2 

Conclusion:   If ߯ଶ௖௔௟   =  30.2 > ߯ଶఈ  =  30.144 with n-1 = 19 d.o.f.  

Null Hypothesis H0 is rejected. There is sufficient evidence to conclude that the variance of 

the refractive index in this shipment is significantly higher than the expected 1.26 X10ିସ 

3. A manufacturer claims that any of his list of items cannot have variance 1 cm². A sample of 25 

items has a variance of 1.2 cm². Test whether the claim of the manufacturer is correct. 

Sol  Null Hypothesis:    H0 ߪଶ  =  1 

Alternative Hypothesis:  H1 ߪଶ ≠ 1 

Level of Significance:   Select α = 5%  

Test Statistic:   ߯ଶ௖௔௟  =  (௡ିଵ)௦మఙమ  =  ଶସ∗(ଵ.ଶ)ଵ  =  28.8 

Conclusion:   If ߯ଶ௖௔௟   =  28.8 < ߯ଶఈ  =  36.41  with n-1 = 24 d.f.  

Null Hypothesis H0 is accepted. Hence the claim of the manufacturer is correct. 

Exercise 

1. Test the claim that the variance of a normal population is 21.3 is rejected at 5% level of 

significance if the variance of a random sample of size 15 is 39.74.  
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(VII) a) Chi-Square Test As A Test For Goodness Of Fit:  

The test which is used to find how good a fit is there between observed and expected 

frequencies is called test for goodness of fit. ߯ଶ distribution is used to test how well a fit 

is there between observed frequency and expected (theoretical) frequency distribution. 

߯ଶ  =  ∑ (ை೔ିா೔)మா೔௞௜ ୀ ଵ  with ߭ d.o.f. 

Null Hypothesis:    H0   The discrepancy between observed and expected frequencies is not 

significant. i.e. It is a good fit          

Alternative Hypothesis:  H1 The discrepancy between observed and expected frequencies is 

significant. i.e. It is not a good fit       

Level of Significance:   Select α = 5% or 1%  

Test Statistic:   ߯ଶ௖௔௟  =  ∑ (ை೔ିா೔)మா೔  

Conclusion:   If ߯ଶ௖௔௟ > ߯ଶఈ the Null Hypothesis H0 is rejected. Otherwise H0 is accepted. 

Note:  

 1. If ߯ଶ  =  0,ܱ௜agrees exactly with ܧ௜. 
 2. If ߯ଶ > 0, and  

b) If ߯ଶ is small, then ܱ௜ܽ݊݀ ܧ௜ are closer to each other indicating a good fit. 
c) If ߯ଶ is large, then ܱ௜ܽܧ ݉݋ݎ݂ ݕܽݓܽ ݁ݎ௜ indicating a poor fit. 

Conditions for applying ࣑૛-Test. 

1. N≥ 50 

2. 4 ≤ ݇ ≤ 16 

3. ∑ܱ௜  =  ௜ܧ∑ 
4. ܱ௜ or ܧ௜  ≥ 10, otherwise combine the neighbouring frequencies so that ܱ௜ or ܧ௜  ≥ 10 
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Solved Problems 

1. The number of promotional calls per week of a certain product are as follows:  12, 8, 20, 

2,14,10,15, 6, 9, 4. Are these frequencies in agreement with the belief that promotional calls 

were the same during this 10 week period at 5% level. 

Sol.  Null Hypothesis:  H0  The promotional calls were the same during the 10 week period. 

Alternative Hypothesis:  H1 The promotional calls were not the same during the 10 week 

period. 

Level of Significance:   Select α = 5%  

Test Statistic: Expected frequency of promotional calls each week  ܧ௜  =  ଵ଴଴ଵ଴  =  10 

Observed Frequency 
(ܱ௜) Expected Frequency 

௜ܱ) (௜ܧ) − ௜) (ܱ௜ܧ − ௜ܧ௜)ଶܧ  

8 

20 

2 

14 
10 

15 

6 

9 

4 

10 

10 

10 

10 
10 

10 

10 

10 

10 

10 

2 

-2 

10 

-8 
4 

0 

5 

-4 

-1 

-6 

0.4 

0.4 

10.0 

6.4 
1.6 

0.0 

2.5 

1.6 

0.1 

3.6 

100 100  26.6 

߯ଶ௖௔௟  =  ෍ ( ௜ܱ − ௜ܧ௜)ଶܧ  =  26.6 

Conclusion: ߯ଶఈ = 16.9 at 5% level of significance at n-1 = 10-1 = 9 d.o.f. 
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߯ଶ௖௔௟  =  26.6 >  ߯ଶఈ  =  16.9, Reject H0 

     i.e. the number of promotional calls were not the same during the 10 week period 

2. A sample analysis of examination results of 500 students was made. It was found that 220 

students had failed, 170 had secured a third class, 90 were placed in second class and 20 

got a first class. Do these figures commensurate with the general examination result which 

is in the ratio of 4 : 3 : 2 :  1 for the various categories respectively. 

Sol Null Hypothesis:  Ho The observed results commensurate with the general examination 

results. 

Alternative Hypothesis:  H1 The observed results are not commensurate with the general 

examination results. 

Level of Significance:  α = 5% 

Test Statistic:  Expected frequencies are in the ratio of 4 : 3 : 2 :  1 

Total frequency = 500,  

we divide the total frequency 500 in the ratio 4 : 3 : 2 :  1, we get the expected frequencies as 

200, 150, 100, 50 

Observed Frequency 
(ܱ௜) Expected Frequency 

௜ܱ) (௜ܧ) − ) (௜ܧ ௜ܱ − ௜ܧ௜)ଶܧ  

220 

170 

90 

20 

200 

150 

100 

50 

20 

20 

-10 

-30 

2.00 

2.667 

1.000 

18.00 

500 500  23.667 

߯ଶ௖௔௟  =  ෍ (ܱ௜ − ௜ܧ௜)ଶܧ  =  23.667 
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Conclusion:    ߯ଶఈ  =  7.81 at 5% level of significance at n-1 = 4-1 = 3 d.o.f. 

߯ଶ௖௔௟  =  23.667 >  ߯ଶఈ  =  7.81, Reject H0 

i.e. The observed results are not commensurate with the general examination results. 

3. A die is thrown 264 times with the following results. Show that the die is biased 

No. appeared on the die 1 2 3 4 5 6 

Frequency 40 32 28 58 54 52 

Ans. ߯ଶ௖௔௟  =  17.64 > ߯ଶఈ  =  11.07, Reject H0. The observed frequencies differ 

significantly from the expected frequencies of a fair die. Hence, the die is biased. 

Exercise 

1. A certain type of flashlight is Sold with the four batteries included. A random sample of 

150 flashlights is obtained, and the number of defective batteries in each is determined, 

resulting in the following data:  

Number Defective 0 1 2 3 4 

Frequency 26 51 47 16 10 

Test the null hypothesis that distribution of X is binomial where X is the number of defective 
batteries in a randomly selected flash light (߯ଶ table value at 4 df = 9.488 at 5% level) 

2. The following is the distribution of the hourly number of trucks arriving at a company’s 

warehouse. 
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Trucks arriving 

per hour 

0 1 2 3 4 5 6 7 8 

Frequency 52 151 130 102 45 12 5 1 2 

Fit a Poisson distribution and test for goodness of fit at 5% level of significance at ( ߯ଶ table value 

at 4 df = 9.488 at 5% level). 

c) To Test the Independence of Attributes  

To test whether the two different attributes are independent or not we use  ߯ଶ test.  

Consider a  2 X 2 contingence table  

 

Null Hypothesis:    Ho   The two attributes are independent 

Alternative Hypothesis:  H1 The two attributes are not independent 

Level of Significance:  α = 5% or 1% 

Test Statistic:  ߯ଶ௖௔௟  =  ∑ (ை೔ିா೔)మா೔௞௜ ୀ ଵ  

where k = r x c is the total number of cells in the r x c contingency table, 
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 r = total no. of rows 

 c = total no. of columns. 

Conclusion:   If ߯ଶ௖௔௟ > ߯ଶఈ with (r-1Xc-1) d.o.f. the Null Hypothesis H0 is rejected. 

Otherwise H0 is accepted 

Solved Problems 

1. The opinion of a random sample of 500 employees about 3 Health Insurance Plans are shown 

below. Are they independent of job classification? 

Job Classification Health Insurance Plan Total 

Salaried workers 166 86 68 320 

Hourly workers 84 64 32 180 

Total 250 150 100 500 

Sol Null Hypothesis:    Ho   The two attributes are independent 

Alternative Hypothesis:   H1 The two attributes are not independent 

Level of Significance:  α = 5%  

Test Statistic:  ߯ଶ௖௔௟  =  ∑ (ை೔ିா೔)మா೔଺௜ ୀ ଵ  =  3.921 

E₁ =௥భ௖భ௡  =ଷଶ଴∗ଶହ଴ହ଴଴ =  160.00  

E₂ = ௥భ௖మ௡ = ଷଶ଴∗ଵହ଴ହ଴଴ =  96.00  

E₃ = ௥భ௖య௡  = ଷଶ଴∗ଵ଴଴ହ଴଴ =  64.00  

E₄ = ௥మ௖భ௡ = ଵ଼଴∗ଶହ଴ହ଴଴ =  90.00  

E₅ = ௥మ௖మ௡  = ଵ଼଴∗ଵହ଴ହ଴଴ =  54.60  
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E₆ = ௥మ௖య௡ = ଵ଼଴∗ଵ଴଴ହ଴଴ =  36.00  

S No ܱ௜ ܧ௜ ܱ௜ − ௜ (ܱ௜ܧ − ௜)ଶ (ܱ௜ܧ − ௜ܧ௜)ଶܧ  

1 166 160.00 6 36 0.225 

2 86 96.00 -10.00 100.00 1.04 

3 68 64.00 4.00 16.00 0.25 

4 84 90.00 -6.00 36.00 0.40 

5 64 54.60 9.40 88.36 1.62 

6 32 36.00 -4.00 16.00 0.44 

Total 180 180 Chi-square value (߯ଶ௖௔௟) 3.921 

 

Conclusion:   If ߯ଶ௖௔௟ < ߯ଶఈ  =  5.992 with (2-1X3-1) = 2 d.o.f.  

The Null Hypothesis H0 is accepted. Therefore, Job classification and health insurance plans 

are independent. 
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Exercise 

1. Examine whether the nature of the area is related to the voting preference in any election. 

Area Votes for Total 

A B 

Rural 620 380 1000 

Urban 550 450 1000 

Total 1170 830 2000 
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UNIT 7 

CCORRELATION AND REGRESSION 

CORRELATION 

1 Introduction to Correlation 

Correlation: Correlation is a statistical concept that describes the relationship between two 

variables. It indicates how changes in one variable are associated with changes in another 

variable. The relationship between variables may exist in different forms. Variables may move 

in the same direction (both increase or decrease), in opposite directions, or may show no clear 

pattern.  

When two variables vary together, either in the same direction or in opposite directions, they 

are said to be correlated. correlation is useful in fields such as economics, business, 

engineering, and science for analysis, prediction, and decision-making. 

2 Types of Correlation 

(i) Correlation based on Direction 

 Positive Correlation: When two variables move in the same direction, that is, both 
increase or decrease together, the correlation is called positive correlation.  

Eg: Positive Correlation: Increase in height and weight of a person  

  Negative Correlation: When one variable increases while the other decreases, the 

correlation is called negative correlation. 

Eg: Negative Correlation: Increase in price leads to decrease in demand. 
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(ii) Correlation based on Number of Variables 

 Simple Correlation: It  studies the relationship between two variables only.  

Eg: Relationship between income and expenditure.  

Multiple Correlation: It examines the relationship among three or more variables 

simultaneously. 

Eg:  Relationship among price, demand, and supply of a commodity 

(iii) Correlation based on Form of Relationship 

Linear Correlation: The change in one variable is proportional to the change in another, 

which results in a straight-line relationship.  

Eg: Distance travelled at constant speed over time.  

Non-linear Correlation: The rate of change is not constant, and the relationship forms a 

curve. 

Eg: Age and physical strength of a person. 

3 Methods of Studying Correlation 

Correlation can be studied using two main approaches: graphical methods and mathematical 

methods. 

(a) Graphical Methods: Scatter diagram  is a graphical method in which by assuming one 

variable on the X-axis and the other one on the Y-axis, values of two variables are plotted 

as points on a graph. The pattern formed by these points indicates the type of correlation. 
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● Interpretation of scatter plots 

➢ If the points move upward from left to right, it indicates positive correlation. 

➢ If the points move downward from left to right, it indicates negative correlation. 

➢ If the points are scattered without any clear pattern, there is no correlation. 

(b) Mathematical Methods 

● Karl Pearson’s coefficient method  

● Spearman’s rank correlation method  

 

4 Karl Pearson’s Correlation Coefficient 

It is a widely used statistical measure that indicates the degree and direction of linear 

relationship between two variables. It is denoted by r.  

Karl Pearson’s coefficient can be calculated using three different formulas 

ݎ .1 = ∑(௫ି௫̄)(௬ିȳ)ඥ∑(௫ି௫̄)మ  ∑(௬ିȳ)మ 
ݎ .2 = ௡∑௫௬ି(∑௫)(∑௬)ඥ[௡∑௫మି(∑௫)మ][௡∑௬మି(∑௬)మ]

 

ݎ .3 = ஼௢௩(௫,௬)ఙೣఙ೤  
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Properties of Karl Pearson’s Correlation Coefficient 

The value of ݎ always lies between −1 and +1 and indicates both the strength and direction of 
the relationship. 

ݎ ● = +1, it indicates perfect positive correlation  

ݎ ● = −1, it indicates perfect negative correlation  

ݎ ● = 0, it indicates no correlation  

● 0 < ݎ < 1, it indicates positive correlation  

● −1 < ݎ < 0, it indicates negative correlation  

Problems 

1. Calculate coefficient of correlation from the following data: 

X 5 7 6 9 8 10 4 

Y 7 9 8 10 9 12 5 

Sol We use the formula  ݎ = Cov(௑,௒)ఙ(௑)ఙ(௒)
 

Computation of coefficient of correlation 

X Y X² Y² XY 

5 7 25 49 35 

7 9 49 81 63 

6 8 36 64 48 

9 10 81 100 90 

8 9 64 81 72 

10 12 100 144 120 

4 5 16 25 20 
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Σܺ = 49, Σܻ = 60, Σܺଶ = 371 Σܻଶ = 544,Σܻܺ = 448,ܰ = 7 

ݎ =
ܰΣܻܺ − (Σܺ)(Σܻ)ඥ[ܰΣܺଶ − (Σܺ)ଶ][ܰΣܻଶ − (Σܻ)ଶ]

 

 

ݎ =
7(448) − (49 × 60)ඥ[7(371) − (49)ଶ][7(544) − (60)ଶ]

 

=
3136 − 2940ඥ[2597 − 2401][3808 − 3600]

 

=
196√196 × 208

 

=
196√40768

=
196

201.91
ݎ  = 0.97  

 

2: Find if there is any significant correlation between X and Y given below: 

X 48 50 52 54 56 58 60 

Y 100 104 108 110 114 118 120 

Sol 

Coefficient of correlation ݎ =
Σܻܺ√Σܺଶ ⋅ Σܻଶ 

Computation of coefficient of correlation 

(Take assumed means: ܣ = ܤ ,54 = 110) 

X X = x – 54 X² Y Y = y − 110 Y² XY 

48 -6 36 100 -10 100 60 

50 -4 16 104 -6 36 24 
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52 -2 4 108 -2 4 4 

54 0 0 110 0 0 0 

56 2 4 114 4 16 8 

58 4 16 118 8 64 32 

60 6 36 120 10 100 60 

Total 0 112  0 320 188 

ݎ =
188√112 × 320

 

=
188√35840

=
188

189.32
ݎ  = 0.99  

Exercise:- 

1. Calculate coefficient of correlation from the following data: 

X 12 9 8 10 11 13 7 

Y 14 8 6 9 11 12 3 

 

2.Find if there is any significant correlation between the heights and weights given below: 

Height (in 
inches) 

57 59 62 63 64 65 55 58 57 

Weight 
(in lbs) 

113 117 126 126 130 129 111 116 112 
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Answers: 

ݎ .1 = +0.95,  2. r = +0.98 
 

5 Spearman’s Rank Correlation  

Spearman’s rank correlation measures the degree of relationship between two variables based 

on their ranks rather than actual values. It is useful when data is given in order or when 

exact numerical values are not available. 

Formula: ρ = ૚ − ૟∑ࢊ૛࢔(࢔૛ି૚)
 where 

 d = difference between ranks of corresponding items 

 n = number of observations 

Properties 

● ρ = +1 : Perfect positive correlation 

● ρ = −1 : Perfect negative correlation 

● ρ = 0 : No correlation 

Formula (With Ties):  

When two or more items have the same value, they are assigned the average of the ranks they 

would have occupied. After assigning average ranks to tied items, the next rank is taken as the 

position following the last rank used in the tie. For example, if two items share ranks 2 and 3 

(each assigned 2.5), the next item will be given rank 4. The formula is given by  

 

௦ݎ = 1 − 6 ቂ∑݀ଶ + ଵଵଶ (݉ଵଷ −݉ଵ) + ଵଵଶ (݉ଶଷ − ݉ଶ) + ⋯  ቃ݊(݊ଶ − 1)
 

Where ݉ =number of tied ranks 
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Solved Problems: 

1. Following are the ranks obtained by 10 students in two subjects, Statistics and Mathematics. 

To what extent the knowledge of the students in two subjects is related? 

Statistics 1 2 3 4 5 6 7 8 9 10 

Mathematics 3 1 4 2 6 5 8 7 10 9 

Sol 

Rank in Statistics (x) Rank in Mathematics 
(y) 

D = (x − y) D² 

1 3 -2 4 
2 1 +1 1 
3 4 -1 1 
4 2 +2 4 
5 6 -1 1 
6 5 +1 1 
7 8 -1 1 
8 7 +1 1 
9 10 -1 1 
10 9 +1 1 

Total   16 ܦଶ = ߩ 16 = 1 − 6Σܦଶܰ(ܰଶ − 1)
 

ߩ = 1 − 6 × 16
10(10ଶ − 1)

 

= 1 − 96
10(100 − 1)

= 1 − 96
990

 

= 1 − ߩ 0.097 = 0.90  

2. The following data represent marks obtained by 8 students in Machine Learning (ML) and 

Data Science (DS).  
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Student A B C D E F G H 

ML 78 65 82 90 72 60 85 68 

DS 75 70 80 88 68 65 84 72 

Find Spearman’s rank correlation coefficient. 

Sol 

Assign ranks (Highest mark = Rank 1) 

ML Rank ݔ DS Rank ܦ       ݕ = ݔ −  ଶܦ ݕ

78 4 75 4 0 0 

65 7 70 6 1 1 

82 3 80 3 0 0 

90 1 88 1 0 0 

72 5 68 7 -2 4 

60 8 65 8 0 0 

85 2 84 2 0 0 

68 6 72 5 1 1 

૛ࡰ∑      = ૟ 
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ߩ = 1 − ଶ݊(݊ଶܦ∑6 − 1)
 

= 1 − 6(6)
8(8ଶ − 1)

 

= 1 − 36
8(63)

 

= 1 − 36
504

 

= 1 − ߩ 0.0714 = 0.93  

Hence, there is a high positive correlation between the marks. 

3. The following data show marks obtained by students in two subjects. 

Student A B C D E F G H 

Artificial Intelligence 

(AI) 
70 85 85 60 75 90 70 80 

Data Mining (DM) 68 88 84 62 78 92 68 81 

Find Spearman’s rank correlation coefficient. 

Sol 

Ranks with ties are assigned average ranks. 
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AI Rank ݔ DM Rank ܦ ܦ ݕଶ 

70 6.5 68 6.5 0 0 

85 2.5 88 2 0.5 0.25 

85 2.5 84 3 -0.5 0.25 

60 8 62 8 0 0 

75 5 78 5 0 0 

90 1 92 1 0 0 

70 6.5 68 6.5 0 0 

80 4 81 4 0 0 

૛ࡰ∑  = ૙.૞ 

Tie correction: 

In Economics, 85 occurs twice and 70 occurs twice. 

1
12

(2ଷ − 2) +
1

12
(2ଷ − 2) =

6
12

+
6

12
= 1 

In Commerce, 68 occurs twice. 
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1
12

(2ଷ − 2) =
6

12
= 0.5 

Total correction: 

1 + 0.5 = 1.5 

Formula with ties: 

ߩ = 1 − ଶܦ∑)6 + Correction)݊(݊ଶ − 1)
 

= 1 − 6(0.5 + 1.5)
8(8ଶ − 1)

 

= 1 − 12
504

 

= 1 − ߩ 0.0238 = 0.976  

Hence, there is a very high positive correlation. 

Exercise: 

1. The following are the ranks obtained by 9 students in Physics and Chemistry. Find 

Spearman’s rank correlation coefficient. 

Physics 1 2 3 4 5 6 7 8 9 

Chemistry 2 1 4 3 6 5 8 7 9 

 

2. The following data represent marks obtained by students in English and History. Find 

Spearman’s rank correlation coefficient. 
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Student A B C D E F G 

English 65 72 80 60 75 68 85 

History 70 74 82 58 78 65 88 

 

3. The following data show scores obtained in two tests. Find Spearman’s rank correlation 

coefficient. 

Test 1 45 60 60 75 80 80 90 

Test 2 50 65 68 78 78 85 92 

 

Answers: 

1. 0.97,  2. 0.96,   3. 0.95 

REGRESSION 

1 Introduction to Regression 

Regression is a statistical method used to estimate or predict the value of one variable based 

on the value of another related variable. It helps in studying how one variable depends on 

another by providing a functional relationship. It enables us to determine the expected value 

of one variable when the other is known. 
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Correlation indicates the strength and direction of a relationship but does not provide a 

predictive equation. Regression, on the other hand, gives an equation that can be used for 

estimation and prediction of values. 

Regression is widely used in practical situations such as estimating demand based on price, 

predicting sales from advertising expenditure, or estimating weight from height. It helps in 

making decisions and forecasting future outcomes. 

2 Regression Lines 

A regression line is a straight line that represents the average relationship between two 

variables. It is used to estimate the value of one variable based on the known value of another 

variable. 

For a given set of data, there are always two regression lines—one for Y on X and another for 

X on Y—and both pass through the point of means (x̄, ȳ). 

Regression of Y on X: The regression line of Y on X is used to estimate the value of Y for a 

given value of X. In this case, X is treated as the independent variable and Y as the dependent 

variable. 

Regression of X on Y: The regression line of X on Y is used to estimate the value of X for a 

given value of Y. Here, Y is considered as the independent variable and X as the dependent 

variable. 

3 Method of Least Squares 

In this method, the best line is obtained by minimizing the sum of the squares of the deviations 

(errors) between the actual values and the values predicted by the regression line. This ensures 

that the fitted line represents the data as closely as possible. 

In regression analysis, the relationship between variables may take different mathematical 

forms depending on the nature of data.  
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1. A straight line represents a constant rate of change 

2. A parabola represents a relationship where the rate of change is not constant but varies with 

the variable. 

3. An exponential curve shows rapid growth or decay 

4. A power curve represents a proportional relationship between variables 

5. A logarithmic curve reflects a slow rate of increase.  

The selection of a suitable curve depends on how the data behaves and the pattern it follows.  

The method of least squares is used to find the best fitting curve by minimizing the sum of 

squares of errors between observed and estimated values. 

Let the observed values be (x, y) and the estimated value be Y. 

Condition: ∑ (y − Y)² is minimum 

3.1. Straight Line (Linear Relationship) 

A straight line represents a relationship where the change in one variable is constant with 

respect to another. This means for every equal increase in X, Y increases or decreases by a 

fixed amount. 

Example: Study hours and marks  as study time increases, marks tend to increase steadily.
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Assume the equation: Y = a + bX 

Error: e = y − (a + bX) 

Minimize: ∑ [y − (a + bX)]² 

Normal Equations 

∑y = n a + b ∑x 

∑xy = a ∑x + b ∑x² 

Solve these equations to obtain values of a and b. 

Solved Problems: 

1. A company records advertising expenditure x in thousand rupees and sales y in lakh rupees. 

Fit a straight line and estimate sales when the expenditure is Rs. 7,000. 

X 2 4 6 8 10 

Y 15 22 29 35 42 

Sol 

x y x² xy 

2 15 4 30 

4 22 16 88 

6 29 36 174 

8 35 64 280 

10 42 100 420 
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From the table, Σx = 30, Σy = 143, Σx² = 220, Σxy = 992, and n = 5. 

The normal equations for the straight line y = a + bx are: 

Σy = na + bΣx 

Σxy = aΣx + bΣx² 

Substituting the values in the normal equations gives: 

143 = 5a + 30b 

992 = 30a + 220b 

Solving the two simultaneous equations, we get a = 8.7 and b = 3.3167. 

Therefore, the fitted straight line is: 

y = 8.7 + 3.3167x 

      Estimation: For x = 7, y = 8.7 + 3.3167(7) = 31.9169. Hence, the expected sales are 

approximately 31.92 lakh rupees. 

2. Fit a straight line ݕ = ܽ +  :by the method of least squares for the following dataݔܾ

x 2 4 6 8 10 

y 8 13 18 22 29 

Sol 

x Y x² xy 

2 8 4 16 
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x Y x² xy 

4 13 16 52 

6 18 36 108 

8 22 64 176 

10 29 100 290 

Σx=30 Σy=90 Σx2= 220 Σxy =642 

݊ = 5,  Σݔ = 30,  Σݕ = 90 

Normal equations: Σݕ = ݊ܽ + ܾΣݔ 

90 = 5ܽ + 30ܾ Σݕݔ = ܽΣݔ + ܾΣݔଶ 

642 = 30ܽ + 220ܾ 

Solving, ܽ = 3.0, ܾ = 2.5 

Hence the required straight line is ݕ = 3 +  ݔ2.5

3. By the method of least squares fit a straight line for the following data: 

X 5 10 15 20 25 30 

Y 42.8 39.4 35.9 32.7 29.1 25.8 
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Sol 

Assume the straight line is ݕ = ܽ +  ݔܾ

x y x² xy 

5 42.8 25 214.0 

10 39.4 100 394.0 

15 35.9 225 538.5 

20 32.7 400 654.0 

25 29.1 625 727.5 

30 25.8 900 774.0 

Σ 205.7 2275 3302.0 

 

Also, Σݔ = 105, ݊ = 6 

The normal equations are Σݕ = ݊ܽ + ܾΣݔ 

205.7 = 6ܽ + 105ܾ 

and Σݕݔ = ܽΣݔ + ܾΣݔଶ 

3302 = 105ܽ + 2275ܾ 
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Solving, ܽ = 46.18, ܾ = −0.68 

Hence the required straight line is ݕ = 46.18 −  ݔ0.68

 

Exercise: 

1. By the method of least squares, find the straight line that best fits the following data: 

X 1 2 3 4 5 

Y 14 27 40 55 68 

2. Fit a straight line of the form ݕ = ܽ +  :for the following dataݔܾ

X 0 5 10 15 20 25 

Y 12 15 17 22 24 30 

3. Fit a straight line to the following data by the method of least squares: 

X 0 1 2 3 4 

Y 1 1.8 3.3 4.5 6.3 

4. By the method of least squares fit a straight line for the following data: 

X 10 15 20 25 30 35 

Y 35.3 32.4 29.2 26.1 23.2 20.5 
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5. The following data show study hours x per day and marks y obtained by students. Fit a 

straight line and estimate the marks for a student who studies 5 hours per day. 

X 1 2 3 4 6 

Y 3 4 5 55 6

6. Fit a straight line for the data: 

X 2 4 6 8 10 

Y 5 7 9 8 11 

Answers: 

1. ܽ = 0, ܾ = ݕ ,13.6 = ܽ .2    ݔ13.6 = 11.2862, ܾ = ݕ ,0.6971 = 11.2862 +  ݔ0.6971
3. ܽ = 0.72, ܾ = ݕ ,1.33 = 0.72 + ܽ .4 ݔ1.33 = 44.18, ܾ = ݕ ,0.68− = 44.18 −

 y = 6.7162x + 28.1081, y = 61.69 at x = 5   6. y = 4.1 + 0.6x .5    ݔ0.68

3.2. Parabola (Quadratic Relationship) 

A parabolic curve represents a relationship where the rate of change varies. The variable may 

increase up to a certain point and then decrease, forming a curved pattern. 

Example: Stress vs performance — performance increases with moderate stress but decreases 

when stress becomes too high. 
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Assume the equation: Y = a + bX + cX² 

Minimize: ∑ [y − (a + bX + cX²)]² 

Normal Equations 

∑y = n a + b ∑x + c ∑x² 

∑xy = a ∑x + b ∑x² + c ∑x³ 

∑x²y = a ∑x² + b ∑x³ + c ∑x⁴ 

Solve these equations to obtain a, b and c. 

Solved Problems : 

1. The monthly demand of a product is observed for five consecutive months. Fit a second-

degree polynomial and estimate the trend. 

X 1 2 3 4 5 

Y 5 8 14 23 35 
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Sol consider a second-degree polynomial 

y = a + bx + cx² 

For a second-degree polynomial, the normal equations are 

Σy = na + bΣx + cΣx² 

Σxy = aΣx + bΣx² + cΣx³ 

Σx²y = aΣx² + bΣx³ + cΣx⁴ 

Computation table: 

x y x² x³ x⁴ xy x²y 

1 5 1 1 1 5 5 

2 8 4 8 16 16 32 

3 14 9 27 81 42 126 

4 23 16 64 256 92 368 

5 35 25 125 625 175 875 

n = 5 

Σx = 15, Σy = 85 

Σx² = 55, Σx³ = 225, Σx⁴ = 979 

Σxy = 330, Σx²y = 1406 

Substituting these values in the normal equations: 

85 = 5a + 15b + 55c 
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330 = 15a + 55b + 225c 

1406 = 55a + 225b + 979c 

Solving the above simultaneous equations: 

a = 5, b = -1.5, c = 1.5 

Final fitted polynomial: y = 5 - 1.5x + 1.5x² 

2. Fit a second degree polynomial ݕ = ܽ + ݔܾ +  ଶ by the method of least squares for theݔܿ

following data: 

x 1 2 3 4 5 

y 4 9 17 28 42 

Sol Assume the parabola ݕ = ܽ + ݔܾ +  ଶݔܿ

x y x² x³ x⁴ xy x²y 

1 4 1 1 1 4 4 

2 9 4 8 16 18 36 

3 22 9 27 81 66 198 

4 35 16 64 256 140 560 

5 56 25 125 625 280 1400 

Σ 126 55 225 979 508 2198 
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Also, ݊ = ݔ∑,5 = 15 

The normal equations are ∑ݕ = ݊ܽ + ݔ∑ܾ + ݕݔ∑ ଶݔ∑ܿ = ݔ∑ܽ + ଶݔ∑ܾ + ݕଶݔ∑ ଷݔ∑ܿ = ଶݔ∑ܽ + ଷݔ∑ܾ +  ସݔ∑ܿ

Substituting, 

126 = 5ܽ + 15ܾ + 55ܿ 

508 = 15ܽ + 55ܾ + 225ܿ 

2198 = 55ܽ + 225ܾ + 979ܿ 

Solving these equations, ܽ = 3, ܾ = −1, ܿ = 2 

Hence the required parabola is ݕ = 3 − ݔ +  ଶݔ2

3. Fit a parabola of the form ݕ = ܽ + ݔܾ +  ଶ by the method of least squares for theݔܿ

following data: 

x 0 2 4 6 8 

y 2.1 6.0 16.1 31.8 53.9 

Sol Given equation of parabola is  ݕ = ܽ + ݔܾ +  ଶݔܿ

x y x² x³ x⁴ xy x²y 

0 2.1 0 0 0 0 0 

2 6.0 4 8 16 12.0 24.0 

4 16.1 16 64 256 64.4 257.6 

6 31.8 36 216 1296 190.8 1144.8 

ݔ∑ 3449.6 431.2 4096 512 64 53.9 8 = ݕ∑ 20 =109.9 ∑x² =120 ∑xଷ = 800 ∑xସ ݕݔ∑ 5664= = 698.4 ∑xଶݕ = 4876 
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Also, ݊ = ݔ∑,5 = 20 

The normal equations are 

109.9 = 5ܽ + 20ܾ + 120ܿ 

698.4 = 20ܽ + 120ܾ + 800ܿ 

4876 = 120ܽ + 800ܾ + 5664ܿ 

Solving, ܽ = 2.06, ܾ = 0.83, ܿ = 0.72 

Therefore, ݕ = 2.06 + ݔ0.83 +  ଶݔ0.72

Exercise: 

1) Fit a second degree polynomial to the following data by the method of least squares: 

x 0 1 2 3 4 

y 1 1.8 3.3 4.5 6.3 

2) By the method of least squares fit a parabola of the form ݕ = ܽ + ݔܾ +  ଶfor theݔܿ

following data: 

x 2 4 6 8 10 

y     3.07    12.85    31.47    57.38    91.29 

3) By the method of least squares fit a parabola of the form ݕ = ܽ + ݔܾ +  ଶfor theݔܿ

following data: 

x 10 15 20 25 30 35 

y    35.3     32.4       29.2      26.1     23.2     20.5 
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4) Fit a parabola to the following data by the method of least squares: 

x 0 1 2 3 4 

y 1 1.8 3.3 4.5 6.3 

5) The fuel consumption of a vehicle changes with speed. Fit a quadratic relation between 

speed index x and fuel consumption y. 

x 1 2 3 4 5 

y 12 15 20 27 36 

Answers: 

1) ܽ = 0.962, ܾ = 0.844, ܿ = ݕ ,0.1214 = 0.962 + ݔ0.844 +  ଶݔ0.1214

2) ܽ = 0.696, ܾ = −0.8551, ܿ = ݕ ,0.992 = 0.696 − ݔ0.8551 +  ଶݔ0.992

3) ܽ = 41.9257, ܾ = −0.6690, ܿ = ݕ ,0.001571 = 36.8471 − ݔ0.6837 +  ଶݔ0.01532

4) ܽ = 0.962, ܾ = 0.844, ܿ = ݕ ,0.1214 = 0.962 + ݔ0.844 +  ଶݔ0.1214

5) y = 11 + x²   

3.3. Exponential Curve 

An exponential curve shows rapid growth or decay, where the value increases slowly at first 

and then very quickly. 

Example: Population growth over time — population increases slowly initially and then 

grows rapidly. 
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Assume the equation: Y = a ebX 

Take logarithm on both sides: log Y = log a + bX 

Let Y′ = log Y and A = log a 

Then Y′ = A + bX 

Normal Equations 

∑Y′ = n A + b ∑X 

∑XY′ = A ∑X + b ∑X² 

Solve to get A and b, then a = antilog A 

Problem 

1. The population of bacteria in a culture is recorded at different times ݔhours. 

Fit an exponential curve. Data: {ݔ = 1,2,3,4,5} and {ݕ = 12,20,33,54,90} 
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Sol 

Taking natural logarithm on both sides, ln ݕ = ln ܽ +  ݔܾ

Let ܻ = ln ܣ,ݕ = ln ܽ 

Then the equation becomes ܻ = ܣ +  ݔܾ

which is a straight line. 

Table 

X y Y = ln y x² xY 

1 12 2.4849 1 2.4849 

2 20 2.9957 4 5.9914 

3 33 3.4965 9 10.4895 

4 54 3.9890 16 15.9560 

5 90 4.4998 25 22.4990 

15 209 17.4659 55 57.4208 

Number of observations: ݊ = 5 

For the line ܻ = ܣ +  ݔܾ

the normal equations are ∑ܻ = ܣ݊ + ܻݔ∑ ݔ∑ܾ = ݔ∑ܣ +  ଶݔ∑ܾ
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17.4659 = ܣ5 + 15ܾ 

57.4208 = ܣ15 + 55ܾ 

Solving the equations we get ܾ = 0.5023 and ܣ = 1.9863 

Since ܣ = ln ܽ ܽ = ݁ଵ.ଽ଼଺ଷ ≈ 7.29 

Therefore the fitted exponential curve is ݕ = 7.29݁଴.ହ଴ଶ௫ 

2. Determine the constants ܽand ܾ by the method of least squares such that ݕ = ܽ݁௕௫ fits the 

following data: 

x 0 1 2 3 4 

y 2.00 4.45 9.91 22.05 49.06 

Sol Given curve ݕ = ܽ݁௕௫ 

Taking natural logarithms, ln ݕ = ln ܽ +  ݔܾ

Let ܻ = ln ܣ,ݕ = ln ܽ 

Then ܻ = ܣ +  ݔܾ

X Y ܻ = ln ݔ ܻݔ ݕଶ 

0 2.00 0.6931 0 0 

1 4.45 1.4929 1.4929 1 

2 9.91 2.2935 4.5870 4 

3 22.05 3.0933 9.2799 9 
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X Y ܻ = ln ݔ ܻݔ ݕଶ 

4 49.06 3.8931 15.5724 16 

Σx=10  Σ Y=11.4659 Σ xY=30.9322 Σx2= 30 

Also, ݊ = ݔ∑,5 = 10 

 

Normal equations: ∑ܻ = ܣ݊ +  ݔ∑ܾ

11.4659 = ܣ5 + ܻݔ∑ 10ܾ = ݔ∑ܣ +  ଶݔ∑ܾ

30.9322 = ܣ10 + 30ܾ 

Solving, ܣ = 0.6931, ܾ = 0.80 

Hence ܽ = ݁଴.଺ଽଷଵ = 2 

Therefore  ݕ = 2݁଴.଼௫ 

3. Find the curve of best fit of the type ݕ = ܽ݁௕௫ for the following data by the method of 

least squares: 

X 1 2 3 4 5 

Y 1.65 2.72 4.48 7.39 12.18 

Sol Given curve ݕ = ܽ݁௕௫ 

Taking natural logarithms, ln ݕ = ln ܽ +  ݔܾ
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Let ܻ = ln ܣ,ݕ = ln ܽ 

Then ܻ = ܣ +  ݔܾ

X Y ܻ = ln ݔ ܻݔ ݕଶ 

1 1.65 0.5008 0.5008 1 

2 2.72 1.0006 2.0012 4 

3 4.48 1.4996 4.4988 9 

4 7.39 2.0001 8.0004 16 

5 12.18 2.5006 12.5030 25 

Σx=15 
 

ΣY=7.5017 ΣxY=27.5042 Σݔଶ=55 

Also, ݊ = ݔ∑,5 = 15 

Normal equations: 

7.5017 = ܣ5 + 15ܾ 

27.5042 = ܣ15 + 55ܾ 

Solving, ܣ ≈ 0.001, ܾ ≈ 0.50 

Hence ܽ = ݁଴.଴଴ଵ ≈ 1 

Therefore ݕ = ݁଴.ହ௫ 

Exercise: 

1) Determine the constants ܽand ܾ by the method of least squares such that ݕ = ܽ݁௕௫ for the 

following data: 

X 2 4 6 8 10 

Y 4.077 11.084 30.128 81.897 222.62 
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2) Find the curve of best fit of the type ݕ = ܽ݁௕௫ for the following data by the method of least 

squares: 

X 1 5 7 9 12 

Y 10 15 12 15 21 

3) Using the method of least squares, find the constants ܽ and ܾ such that ݕ = ܽ݁௕௫ fits the 

following data: 

X 0.0 0.5 1.0 1.5 2.0 2.5 

Y 0.10 0.45 2.15 9.15 40.35 180.75 

4) Fit the curve ݕ = ܽ݁௕௫ to the following data: 

X 0 1 2 3 4 5 6 7 8 

Y 20 30 52 77 135 211 326 550 1052 

 

5) The number of bacteria in a culture was recorded at different times. Fit an exponential             

curve y = aebx. 

x 0 1 2 3 4 

y 50 82 135 220 360 

Answers 

ܣ (1 = 0.405, ܽ = 1.499, ܾ = ݕ ,0.5 = 1.499݁଴.ହ௫ 

ܣ (2 = 2.2484, ܽ = 9.4725, ܾ = ݕ ,0.059 = 9.4725݁଴.଴ହଽ௫ 
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ܣ (3 = −2.2832, ܽ = 0.10195, ܾ = ݕ ,2.9963 = 0.10195݁ଶ.ଽଽ଺ଷ௫ 

ܣ (4 = 2.93895, ܽ = 18.8960, ܾ = ݕ ,0.4876 = 18.8960݁଴.ସ଼଻଺௫ 

5) y =  50.0857. e0.4935x 

3.4. Power Curve 

A power curve represents a relationship where one variable changes as a power of another. 

The growth is not constant but follows a specific proportional pattern. 

Example: Radius and area — area increases as a power of radius. 

 

Assume the equation: Y = a Xᵇ 

Take logarithm: log Y = log a + b log X 

Let Y′ = log Y and X′ = log X 

Then Y′ = A + b X′ 

Normal Equations 

∑Y′ = n A + b ∑X′ 

∑X′Y′ = A ∑X′ + b ∑(X′²) 
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Solve to get A and b, then a = antilog A 

Solved Problem: 

1.The production rate y units/hour of a machine is recorded for different operating speeds x 

rpm. Fit a power curve. Data: x = 100, 150, 200, 250, 300 and y = 35, 50, 68, 82, 96. 

Sol A power curve has the form ݕ =  ௕ݔܽ

Taking logarithm on both sides, 

Using natural logarithm, ln ݕ = ln ܽ + ܾln ݔ 

Let ܻ = ln ݕ,ܺ = ln ܣ,ݔ = ln ܽ 

Then the equation becomes ܻ = ܣ + ܾܺ 

which is a straight line. 

Calculation Table 

ܺ ݕ ݔ = ln ݔ ܻ = ln ݕ ܺଶ ܻܺ 

100 35 4.6052 3.5553 21.2079 16.3736 

150 50 5.0106 3.9120 25.1061 19.5985 

200 68 5.2983 4.2195 28.0720 22.3565 

250 82 5.5215 4.4067 30.4870 24.3307 

300 96 5.7038 4.5643 32.5333 26.0365 

  26.1394 20.6578 137.4063 108.6958 

For the straight line ܻ = ܣ + ܾܺ 

the normal equations are 
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∑ܻ = ܣ݊ + ܾ∑ܺ ∑ܻܺ = ܺ∑ܣ + ܾ∑ܺଶ 

Substituting values, 

20.6578 = ܣ5 + 26.1394ܾ 

108.6958 = ܣ26.1394 + 137.4063ܾ 

Solving the Equations 

From the first equation, 

ܣ =
20.6578 − 26.1394ܾ

5
 

Substituting into the second equation and Solving, ܾ = 0.9294 

Substituting back, ܣ = −0.7271 

Since ܣ = ln ܽ ܽ = ݁ି଴.଻ଶ଻ଵ ≈ 0.4833 

Hence the required power curve is ݕ =  ଴.ଽଶଽସݔ 0.4833

2. Fit an exponential curve of the form y = abˣ to the following data. 

X 1 2 3 4 5 

Y 2 5 9 18 36 

Sol  

Assume the exponential curve 

y = a bˣ  

Taking common logarithms, 
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Y = log y = log a + x log b = A + Bx 

Prepare the calculation table: 

X Y Y = log y x² xY 

1 2 0.3010 1 0.3010 

2 5 0.6990 4 1.3979 

3 9 0.9542 9 2.8627 

4 18 1.2553 16 5.0211 

5 36 1.5563 25 7.7815 

Σx=15 70 ΣY=4.7658 Σ x²= 55 ΣxY 

From the table, 

n = 5,   Σx = 15,   ΣY = 4.7658,   Σx² = 55,   ΣxY = 17.3643 

The normal equations are 

ΣY = nA + BΣx 

ΣxY = AΣx + BΣx² 

Substituting the values, 

4.7658 = 5A + 15B        ...(1) 

17.3643 = 15A + 55B       ...(2) 

Solving equations (1) and (2), or equivalently using the least squares formula, 

B = 0.3067 

A = 0.0331 
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Therefore, 

log a = A = 0.0331,      log b = B = 0.3067 

a = 10A = 1.0792,      b = 10B = 2.0262 

Hence, the fitted exponential curve is 

y = 1.0792(2.0262)x 

3. Fit a curve of the form ݕ = ܾܽ௫ by the method of least squares for the following data: 

X 0 1 2 3 4 

Y 3 6 12 24 48 

Sol Given curve is y = abx 

Taking logarithms (base 10), log ݕ = log ܽ +  ܾ logݔ

Let ܻ = log ܣ,ݕ = log ܽ,ܤ = log ܾ 

Then ܻ = ܣ +  ݔܤ

x Y ܻ = log ݔ ܻݔ ݕଶ 

0 3 0.4771 0 0 

1 6 0.7782 0.7782 1 

2 12 1.0792 2.1584 4 

3 24 1.3802 4.1406 9 

4 48 1.6812 6.7248 16 
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x Y ܻ = log ݔ ܻݔ ݕଶ 

Σ  5.3959 13.8020 30 

Also, ݊ = ݔ∑,5 = 10 

Normal equations: ∑ܻ = ܣ݊ +  ݔ∑ܤ

5.3959 = ܣ5 + ܻݔ∑ ܤ10 = ݔ∑ܣ +  ଶݔ∑ܤ

13.8020 = ܣ10 +  ܤ30

Solving, ܣ = ܤ,0.4771 = 0.3010 

Hence ܽ = antilog(0.4771) = 3 and ܾ = antilog(0.3010) = 2 

Therefore, ݕ = 3(2)௫ 

 

Exercise: 

1) Fit ݕ = ܾܽ௫ by the method of least squares to the following data: 

X 0 1 2 3 4 5 6 7 

Y 10 21 35 59 92 200 400 610 

2) Obtain a relation of the form ݕ = ܾܽ௫ for the following data by the method of least squares: 

X 2 3 4 5 6 

Y 8.3 15.4 33.1 65.2 127.4 

3) Fit ݕ =  :௕ by the method of least squares to the following dataݔܽ
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X 1 2 3 4 5 

Y 14 27 40 55 68 

4) Obtain a relation of the form ݕ =  :௕ for the following data by the method of least squaresݔܽ

X 2 3 4 5 6 

Y 8.3 15.4 33.1 65.2 127.4 

5) Fit a power curve (i) y = axb, (ii) y = abx  

to the following data 

 x = 1, 2, 3, 4, 5 and y = 2.2, 4.1, 6.7, 9.3, 12.1. 

 

Answers: 

ܣ (1 = ܤ,1.02115 = 0.2542892, ܽ = 10.499, ܾ = ݕ ,1.7959 = 10.499(1.7959)௫ 
ܣ (2 = ܤ,0.31 = 0.30, ܽ = 2.04, ܾ = ݕ ,1.995 = 2.04(1.995)௫ 
ܣ (3 = ܤ,2.6268 = 0.9852, ܽ = 13.8293, ܾ = ݕ ,0.9852 =  ଴.ଽ଼ହଶݔ13.8293
ܣ (4 = ܤ,0.31 = 0.30, ܽ = 2.04, ܾ = ݕ ,1.995 =  ଵ.ଽଽହݔ2.04
5) (i) y = 2.1049x1.0660, (ii) ݕ = 1.6428(1.5263)௫  
 

3.5. Logarithmic Curve 

A logarithmic curve represents a relationship where the increase is rapid at first but slows 

down over time. 

Example: Learning vs practice — learning improves quickly in the beginning and then 

gradually slows. 
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Assume the equation: Y = a + b log X 

Let X′ = log X 

Then Y = a + b X′ 

 

Normal Equations 

∑y = n a + b ∑X′ 

∑X′y = a ∑X′ + b ∑(X′²) 

Solve to get a and b. 

Solved Problems 

1. Fit a logarithmic curve of the form ݕ =  ܽ +  :to the following data ݔ ݃݋݈ ܾ 

X 10 30 50 70 90 

Y 12 18 21 23 25 
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Sol 

 Let ܺ =  ݔ ݃݋݈ 

Then the logarithmic curve becomes a straight-line equation: ݕ =  ܽ +  ܾܺ 

X Y X = log x X² XY 

10 12 1.0000 1.0000 12.0000 

30 18 1.4771 2.1819 26.5882 

50 21 1.6990 2.8865 35.6784 

70 23 1.8451 3.4044 42.4373 

90 25 1.9542 3.8191 48.8561 

Σ 99 7.9754 13.2918 165.5599 

 

Therefore, ݊ = = ݕߑ   ,5  = ܺߑ   ,99.0000  = ²ܺߑ   ,7.9754  = ܻܺߑ   ,13.2918   165.5599 

The normal equations are: ݕߑ =  ݊ܽ + = ܻܺߑ ܺߑܾ  + ܺߑܽ   ²ܺߑܾ 

Substituting the values, 

99.0000 =  5ܽ +  7.9754ܾ 

165.5599 =  7.9754ܽ +  13.2918ܾ 
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Solving these simultaneous equations, ܽ =  −1.5849,   ܾ =  13.4067 

Hence, the required logarithmic curve is, ݕ =  −1.5849 +  ݔ ݃݋݈ (13.4067) 

 

2. Fit a logarithmic curve of the form ݕ =  ܽ +  :to the following data ݔ ݃݋݈ ܾ 

x 5 10 15 20 25 

y 2.4 3.1 3.6 4.0 4.3 

Sol 

Let    ܺ =  ݔ ݃݋݈ 

Then the logarithmic curve becomes a straight-line equation: ݕ =  ܽ +  ܾܺ  

x Y X = log x X² XY 

5 2.4 0.6990 0.4886 1.6775 

10 3.1 1.0000 1.0000 3.1000 

15 3.6 1.1761 1.3832 4.2339 

20 4 1.3010 1.6927 5.2041 

25 4.3 1.3979 1.9542 6.0111 

Σ 17.4000 5.5740 6.5187 20.2267 
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Therefore, ݊ = = ݕߑ   ,5  = ܺߑ   ,17.4000  = ²ܺߑ   ,5.5740  = ܻܺߑ   ,6.5187   20.2267 

The normal equations are: ݕߑ =  ݊ܽ + = ܻܺߑ ܺߑܾ  + ܺߑܽ   ²ܺߑܾ 

Substituting the values, 

17.4000 =  5ܽ +  5.5740ܾ 

20.2267 =  5.5740ܽ +  6.5187ܾ 

Solving these simultaneous equations, ܽ =  0.4466,   ܾ =  2.7210 

Hence, the required logarithmic curve is ݕ =  0.4466 +  ݔ ݃݋݈ (2.7210) 

Exercise:- 

1. Fit a logarithmic curve of the form ݕ =  ܽ +  :to the following data ݔ ݃݋݈ ܾ 

x 1 2 4 8 16 

y 3.0 4.2 5.1 6.0 6.8 

 

2. Fit a logarithmic curve of the form ࢟ =  ܽ +  :to the following data  ݔ ݃݋݈ ܾ 
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X 10 20 30 40 50 

Y 5.2 6.8 7.5 8.1 8.6 

 

Answers: 

= ݕ (1  3.1400 +  ݔ ݃݋݈ (3.1226) 

= ݕ (2  0.4560 +  ݔ ݃݋݈ (4.7915) 

Relation between Correlation & Regression 

We know that straight line can be denoted as ݕ = ܽ + ݔ or ݔܾ = ܽ +   They .ݕܾ

are known as regression line of ݕ on ݔ   or ݔ on ݕ respectively. 

These lines of regression can be related to the coefficient of correlation as  

follows: 

ݕ − തݕ = r ఙ೤ఙೣ ݔ) − (ݔ̅ … … … . (1) (regression line of ݕ on ݔ) 

ݔ − ݔ̅ = ݎ ఙೣఙ೤ ݕ) − ( തݕ … … … … (2) (regression line of ݔ on ݕ) 

In (1)  r ఙ೤ఙೣ = byx  known as regression coefficient of y on x 

In (2)   ݎ ఙೣఙ೤ = bxy  known as regression coefficient of x on y 

r ఙ೤ఙೣ ∗ ݎ ఙೣఙ೤ = byx * bxy 

r² = byx * bxy 

or   r = ± ඥ(byx ∗  bxy) 
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 For the above to be true both byx and bxy should have the same sign. 

 If both are negative, then we attach a negative sign to r. 

 If both are positive, then we attach a positive sign to r. 

 The Regression lines passing through (̅ݕ,ݔത) 

Solved Problems 

1. A company records advertisement expenditure and sales revenue. Find the regression 

equation of sales on advertisement expenditure and estimate sales when advertisement 

expenditure is 15 lakhs. 

Advertisement X 4 6 8 10 12 14 

Sales Y 30 40 50 58 65 72 

 

Sol We know that regression line y on x is    

 ݕݔ ଶݔ ݕ ݔ

4 30 16 120 

6 40 36 240 

8 50 64 400 

10 58 100 580 

12 65 144 780 

14 72 196 1008 

ଶݔ෍ 315 =ݕ∑ 54 =ݔ∑ = 556  3128 = ݕݔ∑



 

220 | P r o b a b i l i t y  T h e o r y ,  S t a t i s t i c a l  I n f e r e n c e ,  a n d  S t o c h a s t i c  P r o c e s s e s  

ݔ̅ = 9, തݕ = ௫ߪ,52.5 = 3.7417, ௬ߪ = 15.7194 and r = 0.9963 

we use the regression line of y on x is ݕ − തݕ = r ఙ೤ఙೣ ݔ) −   (ݔ̅

ݕ − 52.5 = 0.9963 ቀଵହ.଻ଵଽସଷ.଻ସଵ଻ ቁ ݔ) − 9)  

ݕ = ݔ 4.1856 + 14.8296  

For x = 15 lakhs: 

ݕ      = 4.1856 (15) + ݕ   14.8296 = 77.6136  

2. A damaged statistical record gives the following regression equations and Variance of y is 

25. 

Regression equations are:    2x - 5y + 5 = 0     ...(1) 

10x - 9y - 55 = 0     ...(2) 

Find: (i) x̄ and ȳ (ii) S.D. of x (iii) r. 

Sol. Since the two regression lines pass through the point (x̄, ȳ), Solve the two given equations 

simultaneously. 

2x̄ - 5ȳ = -5     ...(A) 

10x̄ - 9ȳ = 55     ...(B) 

Solving (A) and (B), 

x̄ = 10,   ȳ = 5 
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To identify the two regression coefficients, write each line in the forms y on x and x on y.  

The valid pair is selected so that  byx * bxy = r² ≤ 1  

From 2x - 5y + 5 = 0,    y = (2/5)x + 1, so byx = 2/5 

From 10x - 9y - 55 = 0,    x = (9/10)y + 11/2, so bxy = 9/10 

byx * bxy = (2/5)(9/10) = 18/50 = 0.36  

r = +√0.36 = 0.6 

r ఙ೤ఙೣ = byx  ⟹ ௫ߪ = 7.5 

Exercise:- 

1. The following data show study hours and marks obtained by students. Find the regression 

equation of marks on study hours and estimate the marks for 9 study hours. 

Study Hours X 2 4 5 6 8 10 

Marks Y 35 45 50 60 72 85 

 

2. The following regression equations were recovered from an incomplete record. 

Variance of x is 64. 

Regression equations are: 

3x + 4y - 72 = 0     ...(1) 

25x + 12y - 344 = 0     ...(2) 

Find: (i) x̄ and ȳ; (ii) S.D. of y; (iii) r. 

Answers: 

ݕ .1 = ݔ 6.4125 + ݕ ,20.4272 ݔ ݐܽ 78.14= = 9 

2. x̄ = 8, ȳ = 12, σy = 10, and r = -0.6. 
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Multiple Linear Regression 

Introduction 

Multiple Linear Regression is an extension of simple linear regression in which one dependent 
variable is related to two or more independent variables. It is widely used in economics, 
engineering, management, agriculture, medicine, and data science for prediction and 
analysis. 

The method helps in understanding how several variables together influence a response 
variable. 

General Form ܻ = ܽ + ܾଵܺଵ + ܾଶܺଶ + ⋯+ ܾ௡ܺ௡ 

where: 

 ܻ= dependent variable 

 ܺଵ,ܺଶ, … ,ܺ௡= independent variables 

 ܽ= intercept 

 ܾଵ, ܾଶ, … , ܾ௡= regression coefficients 

Assumptions 

1. Linear relationship exists between variables. 

2. Errors are independent. 

3. Variance of errors is constant. 

4. Errors are normally distributed. 

5. Independent variables are not perfectly correlated. 

Applications 

 Sales forecasting 

 Weather prediction 

 Demand estimation 

 Industrial production analysis 

 Educational performance analysis 
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Solved Problems:  

1. A company records sales ܻ based on advertisement expenditure ܺଵ and number of sales 
representatives ܺଶ. 

 

ܺଵ ܺଶ ܻ 

2 1 20 

4 2 32 

6 3 44 

8 4 56 

 Fit a multiple linear regression equation. 

Sol Using the least squares method, fit ܻ = ܽ + ܾଵ ଵܺ + ܾଶܺଶ 
 

Normal equations are: ∑ܻ = ݊ܽ + ܾଵ∑ ଵܺ + ܾଶ∑ܺଶ ∑ܺଵܻ = ܽ∑ܺଵ + ܾଵ∑ܺଵଶ + ܾଶ∑ܺଵܺଶ ∑ܺଶܻ = ܽ∑ܺଶ + ܾଵ∑ ଵܺܺଶ + ܾଶ∑ܺଶଶ 
 

ܺଵ ܺଶ   ܻ ܺଵଶ ܺଶଶ ܺଵܺଶ ܺଵܻ ܺଶܻ 

2 1 20 4 1 2 40 20 

4 2 32 16 4 8 128 64 

6 3 44 36 9 18 264 132 
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ܺଵ ܺଶ   ܻ ܺଵଶ ܺଶଶ ܺଵܺଶ ܺଵܻ ܺଶܻ 

8 4 56 64 16 32 448 224 

20 10 152 120 30 60 880 440 

 ∑ܺଵ = 20,∑ܺଶ = 10,∑ܻ = 152 ∑ܺଵଶ = 120,∑ܺଶଶ = 30,∑ܺଵܺଶ = 60 ∑ܺଵܻ = 880,∑ܺଶܻ = 440 
Substituting: 

152 = 4ܽ + 20ܾଵ + 10ܾଶ    (1) 

880 = 20ܽ + 120ܾଵ + 60ܾଶ  (2) 

440 = 10ܽ + 60ܾଵ + 30ܾଶ     (3) 
Notice that equation (3) is exactly half of equation (2), because ܺଵ = 2ܺଶ 

Hence the variables are perfectly correlated, so unique values of ܾଵ and ܾଶ cannot be 
obtained separately. 

Now divide equation (1) by 4: 38 = ܽ + 5ܾଵ + ହଶ ܾଶ (4) 
Divide equation (2) by 20: 44 = ܽ + 6ܾଵ + 3ܾଶ (5) 
Subtract (4) from (5):     44 − 38 = (ܽ + 6ܾଵ + 3ܾଶ) − (ܽ + 5ܾଵ + ହଶ ܾଶ) 

                                                               6 = ܾଵ +
1
2
ܾଶ 

Multiply by 2:   2ܾଵ + ܾଶ = 12 
 
Substitute into (1): 4ܽ + 10(2ܾଵ + ܾଶ) = 152 

4ܽ + 10(12) = 152 
4ܽ = 32 ܽ = 8 

Therefore the regression equation is ܻ = 8 + ܾଵܺଵ + ܾଶܺଶ 
with 2ܾଵ + ܾଶ = 12 

One convenient fitted equation is ܻ = 8 + 3ܺଵ + 6ܺଶ 



 

225 | P r o b a b i l i t y  T h e o r y ,  S t a t i s t i c a l  I n f e r e n c e ,  a n d  S t o c h a s t i c  P r o c e s s e s  

which satisfies all observations exactly. 

Exercise: 

1.Fit a multiple regression equation for the following data: 

 ࢅ ૛ࢄ ૚ࢄ

   1     2     10 

   2      3     15 

   3     5     22 

  4     6     28 

2. The production output ܻdepends on labour hours ܺଵand machine hours ܺଶ. 

 ࢅ ૛ࢄ ૚ࢄ

2 1 18 

3 2 25 

4 3 32 

5 4 39 

Answers: 

1. ܻ = 2 + 3ܺଵ + 2ܺଶ   

2. ܻ = 7 + 4ܺଵ + 3ܺଶ 
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Logistic Regression 

Logistic Regression is a statistical method used when the dependent variable is categorical in 
nature. It is commonly used for classification problems where the outcome has two possible 
categories such as success/failure, pass/fail, or yes/no. 

Unlike linear regression, logistic regression predicts probabilities. 

The Logistic Regression Model 

Suppose ܲrepresents the probability of success. Then the logistic regression model is 

ܲ =
1

1 + ݁ି௓ 
where ܼ = ଴ߚ + ଵߚ ଵܺ + ଶܺଶߚ + ⋯+  ௡ܺ௡ߚ
Here, 

 ܲ: Probability of occurrence of the event  

 1 − ܲ: Probability of non-occurrence  

  ଴: Intercept termߚ 

,ଶߚ,ଵߚ  …   ௡: Regression coefficientsߚ,

 ܺଵ,ܺଶ, … ,ܺ௡: Predictor variables  

The logistic function produces an S-shaped curve called the sigmoid curve. 

Log-Odds or Logit Form 

The logistic model can also be written in logarithmic form called the logit model. 

ln ൬ ܲ
1 − ܲ൰ = ଴ߚ + ଵߚ ଵܺ + ଶܺଶߚ + ⋯+  ௡ܺ௡ߚ

where ௉ଵି௉ is called the odds ratio. 

The term ln ቀ ௉ଵି௉ቁ is called the log-odds or logit. 
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Why Do We Use the Logit Form? 

Problem with Linear Regression 

In ordinary linear regression, ܻ = ଴ߚ + + ଵܺ the predicted values can take any value from −∞ toߚ ∞. 

But probabilities must satisfy 0 ≤ ܲ ≤ 1 
Hence linear regression is not suitable for probability prediction. 

Converting Probability into Odds 

To overcome this difficulty, probability is transformed into odds. 

Odds =
ܲ

1 − ܲ 
 

Example: If ܲ = 0.8 

Then Odds = ଴.଼଴.ଶ = 4 
This means the event is four times more likely to occur than not occur. 

Taking Logarithm of Odds 

Odds values range from 0 to +∞. 
To convert this into a quantity ranging from −∞ to + ∞ 
we take the natural logarithm. 

ln ൬ ܲ
1 − ܲ൰ 

This transformation makes the relationship linear and easier to analyze statistically. 

Properties  

1. The dependent variable is categorical.  

2. The predicted probability always lies between 0 and 1.  

3. Logistic regression uses Maximum Likelihood Estimation (MLE) instead of Least Squares 
Estimation.  

4. The logistic curve is S-shaped.  

5. It is widely used in classification problems.  
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Applications 

 Medical diagnosis 

 Credit risk analysis 

 Machine learning classification 

 Customer purchase prediction 

 Email spam detection 

Advantages 

1. Suitable for classification. 

2. Provides probability estimates. 

3. Handles binary outcomes efficiently. 

4. Widely used in machine learning. 

Limitations 

1. Requires large sample size. 

2. Sensitive to outliers. 

3. Assumes linearity in logit form. 

 

Solved Problem 

1. The probability that a student passes an examination depends on study hours ܺ. The fitted 
logistic model is 

log ൬ ݌
1 − ൰݌ = −2 + 0.5ܺ 

Estimate the probability of passing when ܺ = 6 hours. 

Sol  

Substitute ܺ = 6: 

log ൬ ݌
1 − ൰݌ = −2 + 0.5(6) = 1 
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Therefore,    ௣ଵି௣ = ݁ଵ = 2.718 

݌ =
2.718

1 + 2.718
= 0.731 

Hence the probability of passing is 0.731 or 73.1% 
 

2. For the model  

ln ൬ ܲ
1 − ܲ൰ = −1 + 0.2ܺ 

find ܲ when ܺ = 5. 

Sol  

Substituting ܺ = 5: 

ln ൬ ܲ
1 − ܲ൰ = −1 + 0.2(5) 

= −1 + 1 
= 0 

Therefore, 

ln ൬ ܲ
1 − ܲ൰ = 0 

Taking exponential on both sides, ܲ
1 − ܲ = ݁଴ ܲ
1 − ܲ = 1 ܲ = 1 − ܲ 
2ܲ = 1 ܲ =

1
2

= 0.5 
Hence, the required probability is 0.5 
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Exercise  

1. A logistic model is given by 

log ൬ ݌
1 − ൰݌ = −1 + 0.4ܺ 

Find the probability when ܺ = 5. 

2. A logistic model is 

log ൬ ݌
1 − ൰݌ = −3 + 0.8ܺ 

Find the probability when ܺ = 4. 

3. A company wants to predict whether a customer will buy a product based on monthly 
income ܺ. 

Suppose the fitted logistic regression model is 

ln ൬ ܲ
1 − ܲ൰ = −2 + 0.04ܺ 

Find the probability when ܺ = 50 

4. The logistic regression equation is  

ln ൬ ܲ
1 − ܲ൰ = 1 + 0.5ܺ 

Find the probability when ܺ = 2. 

Answers: 

݌ .1 = ݌ .2 ,0.7311 = 0.5498,   3. 0.5,  4. 0.8808 
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UNIT 8 

SStochastic Processes 

Stochastic processes are essential tools for modelling real-world systems where randomness 

and uncertainty play a major role. From finance to healthcare and AI, they provide a structured 

way to analyse and predict complex dynamic systems. 

Stochastic Process:  

A stochastic process is a mathematical model used to describe systems that evolve over time 

in a random (probabilistic) manner.  It studies how things change over time when uncertainty 

is involved. 

Families of random variables which are functions of say time t, are known as Stochastic 

processes or random processes or random functions. Mathematically, a stochastic process is a 

set of all random variables {X(t), t߳T} depending on some real parameter like time ‘t’. The 

values assumed by random variables X(t) are called ‘states and the set of all possible values 

form the state space of the process. 

Example 1:  Consider a Random event occurring in time, such as the number of telephone 

calls received at a switch board. Suppose X(t) is the random variable which represents the 

number of incoming calls in an interval (0, t) of duration t units. The number of calls within a 

fixed interval of time, say one unit of time, is a random variable X(1) and the family {X(t), 

t߳T} constitutes a stochastic process (T = [0, ∞]). 

Example 2:  Consider a sample experiment like throwing a die. Suppose that ܺ௡ is the 

outcome of the nth throw, n ≥1. Then {ܺ௡, n≥ 1}  is a family of random variables such that 

for a distinct value of n, one gets a distinct random variable ܺ௡ ; So {ܺ௡, n≥ 1} constitutes a 

stochastic process known as Bernoulli process 
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Example 3:  A patient’s heart pulse during surgery is measured continuously during interval 

[0, T]. Stochastic variable ܺ ௧ represents the occurrence of a heartbeat at time t, 0≤ t ≤ T. Hence, ܺ௧ assumes only the values 0 (no heartbeat) and 1 (heartbeat). 

A stochastic process is said to be discrete if its state space is discrete. A discrete state process 

is also called a chain. Also, if the index set t is discrete, then we have a discrete parameter 

process, otherwise we have a continuous parameter process. A discrete parameter process is 

also called stochastic sequence {ܺ௡}, n߳ T.   

Types of Stochastic Processes 

(a) Based on Time 

 Discrete-time process:  Time steps are separate (e.g., daily stock prices) 

 Continuous-time process:  Time flows continuously (e.g., temperature variation) 

 

(b) Based on State Space 

 Discrete state:  Finite or countable states (e.g., number of customers) 

 Continuous state:  Infinite possible values (e.g., pressure, voltage) 

Markov Process (The "Memoryless" Property):  If {X(t), t ∈T} is a stochastic process such 

that, given the value X(s) , the value of X(t), t>s, do not depend on the value of X(u), u<s, 

then the process is said to be a Markov process. 

  If for ݐଵ < ଶݐ < ଷݐ < ସݐ < ⋯… … ௡ݐ < ܽ}ܲ ݐ ≤ (ݐ)ܺ ≤ (ଵݐ)ܺ/ܾ  =  ( ଵܺ),ܺ(ݐଶ)  =  (ܺଶ),ܺ(ݐଷ)  =  (ܺଷ)  =  …, 

(௡ݐ)ܺ   =  (ܺ௡)}   

= ܲ(ܽ ≤ (ݐ)ܺ ≤ (௡ݐ)ܺ/ܾ  =  (ܺ௡)} 
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Then the process {X(t), t߳T} is a Markov Process. The future depends only on the present, 

not the past. 

Markov Chain:  Let X (t) be a Markov process which takes only discrete values whether ‘t’ 

is discrete or continuous is called the Markov Chain.  

Example:  Consider the number of heads obtained in the first n tosses of a coin. The possible 

values are 0,1,2, .......n. 

Let ܵ௡ାଵ  = {x+1 if (n+1)th  trial results in head and x, if (n+1)th  trial results in tail} ܵ௡  =  ܺ଴ + ܺଵ + ܺଶ + ⋯ . +ܺ௡ 

I.e. the conditional probability of ܵ௡ାଵ given ܵ௡ depends on ܵ௡ but not on the manner how the 

value of ܵ௡ is derived. 

If we let ܲ[ܺ௡  =  ܽ௡/ܺ௡ିଵ  =  ܽ௡ିଵ,ܺ௡ିଶ  =  ܽ௡ିଶ,ܺ௡ିଷ  =  ܽ௡ିଷ … . .ܺଵ  =  ܽଵ] such that 

 ܲ[ܺ௡  =  ܽ௡/ܺ௡ିଵ  =  ܽ௡ିଵ] for every n 

A Markov chain is a stochastic model describing a sequence of possible events in which the 

probability of each event depends only on the state attained in the previous event. i.e. Consider 

a system which can be in any one of a finite number of states ݊ܧ . … … ,2ܧ ,1ܧ. We also 

assume that the probability of the system being in a given state at the next trial depends only 

on its present state and not upon the states it may have been in earlier times. If any time, 

the system is in a state ݅ܧ, the probability of it being in the state ݆ܧ at the next trial is ݆ܲ݅.  
i.e. ܲ (݆ܧ ,݅ܧ) = ܽ݅ ݆ܲ݅ 
Similarly, ܲ (݇ܧ ,݆ܧ ,݅ܧ) = ܽ݅ ݆ܲ݅ ݆ܲ݇ 
Where ܽ݅ is the probability distribution of ݅ܧ 
 Here ݆ܲ݅ is called the probability of a transition from ݅ܧ. 
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 The transition probabilities ݆ܲ݅ will be arranged in a matrix form is called matrix of transition 

probabilities or Transition Probability matrix. 

Order of a Markov Chain:  A Markov chain is said to be a chain of order one, if for all n, ܲ{ܺ௡  =  ݇/ ܺ௡ିଵ  =  ݆,ܺ௡ିଶ   =  ݆1,ܺ௡ିଷ   =  ݆2 … … … . . } 

=  ܲ{ܺ௡  =  ݇ / ܺ௡ିଵ   =  ݆}   =  ௝ܲ௞ 

A Markov chain is said to be a chain of order one, if for all n, ܲ{ܺ௡  =  ݇ / ܺ௡ିଵ   =  ݆,ܺ௡ିଶ   =  ݆1,ܺ௡ିଷ   =  ݆2 … … … . . } 

                                =  ܲ{ܺ௡  =  ݇ / ܺ௡ିଵ   =  ݆,ܺ௡ିଶ   =  ݆1}   =  ௝ܲ௞(ଶ) 

Random Walk:  A random walk is one of the most important examples of a stochastic 

process, widely used in mathematics, physics, economics, and computer science. 

 A random walk is a process where a variable moves step-by-step in random directions 

according to certain probabilities. 

Ex. A person standing at 0 

At each step:  
 Moves +1 (right) with probability p 
 Moves −1 (left) with probability 1 − p 
Mathematical Representation:  ܵ௡  =  ܺ଴ + ܺଵ + ܺଶ + ⋯ . +ܺ௡ 

Where Xi = +1 with probability P 

 Xi = -1 with probability 1-P 
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Types of Random Walk 

1. Simple Symmetric Random Walk 

 p = 0.5 

 Equal chance of moving left or right 

 No bias 

     Mean position = 0 

2. Asymmetric Random Walk 

 P ≠ 0.5 

 Biased toward one direction 

      Mean position = n(2p−1) 

3.  Random Walk with Absorbing Barriers 

 Stops when it hits a boundary 

 Used in gambler’s ruin problem 

4.  Higher-Dimensional Random Walk 

 Movement in 2D or 3D 

 Example:  particle motion 

Stochastic Matrix:  

The transition probabilities ݆ܲ݅ will be arranged in a matrix of transition probabilities 

ܲ =  ⎣⎢⎢
⎡ ଵܲଵ ଵܲଶ ଵܲଷ… … …ଶܲଵଷܲଵ.

.

ଶܲଶଷܲଶ
.

ଶܲଷ…ଷܲଷ….
.

… … . .
… … . ..

. ⎦⎥⎥
⎤
 

Clearly P is a square matrix with non –negative elements and unit row sums. Such a matrix  
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(finite or infinite) is called a Stochastic matrix 

NOTE:  

1. A stochastic matrix P is said to be regular if all the entries of some power ܲ݉ are positive. 

2. A stochastic matrix P is not regular if ‘1’occurs in the principal main diagonal. 

3. If P and Q are stochastic matrices then product PQ is also a stochastic matrix. 

Solved Problems: 

1. Which of the following matrices are stochastic? 

i)ܺ =  ቂ1 0 0
0 1 0ቃ   ii) ܻ =  ቂ1 0

0 1ቃ   iii) ܼ =  ൤ 0 1
1/2 1/4൨   iv) ܲ =  ൤1/2 1/2

1/2 1/2൨      
v) ܳ =  ቂ 1 0−1 1ቃ 
Sol   

(i) X is not a square matrix  ∴ It is not stochastic 

(ii) The matrix is a square matrix with non-negative entries and sum of the elements in each 

row is equal to 1 ∴ Y is stochastic 

(iii) Z is a square matrix but the sum in each row is not equal to 1. So, it is not stochastic. 

(iv) P is stochastic 

(v) Q is not stochastic, because it contains negative elements 
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2. Which of the following matrices are regular? 

݅)   ܲ =  ൥1/4 1/2 1/4
0 1 0

1/2 0 1/2
൩             ii) ܳ  =  ൥1/2 0 1/2

1/2 1/2 0
1/4 1/4 1/2

൩       iii) ܴ  =  ൥ 0 1 0
1/2 0 1/2

0 0 1
൩     

Sol  

i) P is not a regular matrix as 1 lies along the main diagonal. 

ii) ܳଶ  =  ܳ.ܳ =  ൥3/8 1/8 1/2
1/2 1/4 1/4
3/8 1/4 3/8

൩          
Since all the entries of some power of Q are positive, Q is a regular matrix. 

iii) ܴଶ  =  ܴ.ܴ =  ൥1/2 0 1/2
0 1/2 1/2
0 0 1

൩     ,  ܴଷ  =  ܴଶ.ܴ =  ൥ 0 1/2 1/2
1/4 0 3/4

0 0 1
൩    , 

We can observe that number of zeros are not at all decreasing, so we can say that R is 

not a regular matrix. 

First order and higher order Markov process:  

The Markov chain of the first order is one for which each subsequent state depends only on 

the immediately preceding one. Markov chains of second or higher orders are the processes 

in which the next state depends on two or more preceding ones. 

n – step transition probabilities:  

The state transition probability matrix of a Markov chain gives the probabilities of 

transitioning from one state to another in a single time unit. Also, define an n - step transition 

probability matrix (݊) whose elements are the n -step transition probabilities. 

Chapman–Kolmogorov Equation:  

A key finding in Markov process theory is the Chapman-Kolmogorov equation. It connects 

transition probabilities across several steps. 
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The likelihood of ܺ௡ given ܺ௡ିଵ has been examined, by considering unit step transition 

probabilities. We have taken into consideration the probability of the outcome at the ݊௧௛ step 

or trial given the outcome at the previous step.  ݌௜௝ provides the probability of a unit step 

transition from the state I at a trial to the state j at the subsequent trial. 

Also ݇-step transition probability is given by 

ܲ{ܺ௞ା௡  =  ݆/ܺ௡  =  ݅}  = .௜௝(௞)݌  . . (1) 

 

 ௜௝(௞)gives the probability that from the   state ݅ at the ݊௧௛  trial, the state ݆ is reached at݌

(݇ + ݊)௧௛ trial in ݇ steps. 

The one step transition probabilities ݌௜௝(ଵ)are denoted simply by ݌௜௝. 
Consider 

௜௝(ଶ)݌  =  ܲ{ܺ௡ାଶ  =  ݆/ܺ௡  =  ݅}. . . (2) 

 

The state ݆ can be reached from the state ݅ in two steps through some intermediate stage ݉. ܲ{ܺ௡ାଶ  =  ݆,ܺ௡ାଵ  =  ݉/ܺ௡  =  ݅} 

 =  ܲ{ܺ௡ାଶ  =  ݆/ܺ௡ାଵ  =  ݉,ܺ௡  =  ݅} ⋅ ܲ{ܺ௡ାଵ  =  ݉/ܺ௡  =  ݅} 

 = ௠௝(ଵ)݌  ⋅ ௜௠(ଵ)݌  = ௠௝݌ ௜௠݌   

 

Since these intermediate states ݉ =  1,2, …are mutually exclusive, we have 

௜௝(ଶ)݌  =  ܲ{ܺ௡ାଶ  =  ݆/ܺ௡  =  ݅}  =  ෍ܲ{௠ ܺ௡ାଶ  =  ݆,ܺ௡ାଵ  =  ݉/ܺ௡  =  ݅} 

 =  ෍݌௜௠௠ ௠௝݌  . . . (3) 
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By induction, we have 

௜௝൫݇+1൯݌  =  ܲ{ܺ௡ା௞ାଵ  =  ݆/ܺ௡  =  ݅} 

 =  ෍ܲ{௥ ܺ௡ା௞ାଵ  =  ݆/ܺ௡ା௞  =  ݉} ⋅ ܲ{ܺ௡ା௞  =  ݉/ܺ௡  =  ݅} 

 =  ෍݌௠௝௠  ௜௠(௞)݌ 

 

Similarly, we get 

௜௝൫݇+1൯݌  =  ෍݌௜௠௠  ௠௝(௞)݌ 

In general, we can have 

௜௝൫݇+݊൯݌  =  ෍݌௜௠(௡)௠ ௠௝(௞)݌   =  ෍݌௜௠(௞)௠ .௠௝(௡)݌  . . (4) 

This equation is a special case of Chapman–Kolmogorov equation, which is satisfied by 

the transition probabilities of a Markov chain. 

For a Markov chain with transition probabilities ݆ܲ݅(௡):  

݆ܲ݅(௡ା௞)  =  ෍ܲ݅݉(௡)݆ܲ݉(௞)௠  

It means that  

Probability of going from state i → j in (n + k) steps = Sum over all possible intermediate 

states ݉:  (i → m in n steps) × (m→ j in k steps)  

 It breaks a long transition into smaller parts. 

Matrix form:  If P is the one-step transition probability matrix, then ܲ(௡ା௞)  =  ܲ(௡) .ܲ(௞) 
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It is similar to multiplication rule of probability. It uses Markov property (future depends only 

on present) 

A state vector is a vector (list) that records the probabilities that the system is in any given 

state at a particular step of the process. 

For example, if we know for sure that it is raining today, then the state vector for today will 

be (1, 0). But tomorrow is another day! We only know there's a 40% chance of rain and 60% 

chance of no rain, so tomorrow's state vector is (0.4, 0.6). 

Classification of states & Chains:  

A state is any particular situation that is possible in the system. For example, if we are studying 

rainy days, then there are two states:  

1. It's raining today. 

2. It's not raining today. 

The system could have many more than two states also. 

There are 3 states in Markov process 

Accessible State:  A state ݆ is said to be accessible from state ݅ if ௜ܲ௝(௡) > 0 for some ݊ ≥ 1. 

This means it is possible to move from state ݅ to state ݆in some number of steps. 

Communicating States:  States ݅ and ݆ are said to communicate if ݆ is accessible from ݅, and ݅ is accessible from ݆. Notation:  ݅ ↔ ݆ 
Irreducible State:  A Markov chain is called irreducible if every state communicates with 

every other state. That means all states are connected. Otherwise, the chain is called reducible. 

If the two states i & j are such that each is accessible from the other then it is denoted by 

 ݅ ↔ ݆.  
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Recurrent State:  A state i is said to be recurrent if ܲ݅i(n) = 1 i.e. A state is recurrent if the 

process returns to it again with probability 1. 

Transient State:  A state is called transient if, after leaving it, there is a possibility of never 

returning to it. If there exist j and n such that ܲ݅j(n) > 0 but ܲji(n) = 0 for all m, then state ‘i’ is 

called transient state.  

 The probability that the chain starting from state i returns to state i for the first time at the nth 

step is denoted by  fii(௡), n = 1, 2, 3, ... This is called first return time probability (or recurrence 

time probability).  

 If Fii  = ∑ fii(௡) = 1, then the return to state i is certain and the state is said to be persistent 

or recurrent.  

 If Fii < 1 (return to state i is uncertain), then state i is said to be transient.  

 The parameter ߤ௜   =  Σnfii(௡)  is called the mean recurrence time of state i.  

(a) If ߤ௜ is finite, then state i is said to be non-null persistent or positive persistent.  

(b) If ߤ௜  =  ∞ then state i is said to be null persistent. 

Absorbing Chain:  A state ݅ is called an absorbing state if ௜ܲ௜  =  1. Once the process enters 

that state, it never leaves. A Markov chain is absorbing if  

i. It has at least one absorbing state.  

ii. It is possible to go from every non absorbing state to at least one absorbing state. 

Example:    ൥ 1 0 0
1/2 0 1/2

0 0 1
൩ 

Here the first and last states are absorbing states. 

Periodic and Aperiodic States:  The period of state ݅ is ݀௜  =  gcdቄ݊: ௜ܲ௜(௡) > 0ቅ where gcd 

means greatest common divisor. 

Periodic State If ݀௜ > 1 then the state is periodic. 
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Aperiodic State If  ݀௜  =  1 then the state is aperiodic. 

Example of Periodicity 

Consider the TPM ܲ =  ൥ 0 1 0
1/2 0 1/2

0 1 0
൩  

Possible return steps are:  2,4,6, … 

Therefore,  =  gcd (2,4,6, …  )  =  2. 

Hence all states are periodic with period 2. 

Ergodic Chain:  A positive recurrent (positive persistent) and aperiodic state is called 

ergodic. A Markov chain of all such states is called an ergodic chain.  

i.e. A Markov chain is called ergodic if:  

1. It is irreducible  

2. All states are recurrent  

3. All states are aperiodic  

So, an ergodic chain is:  

 communicative,  

 non-periodic,  

 stable in the long run. 

Short Trick to Classify a Markov Chain 

When a problem is given:  

Step 1:  Check Absorbing States 

Look at diagonal entries. If any diagonal entry is 1 → absorbing state exists. 
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Step 2:  Check Communication 

See whether every state can reach every other state. 

 Yes → irreducible  

 No → reducible  

Step 3:  Find Periodicity 

Find all possible return step lengths. 

Take gcd. 

 gcd = 1 → aperiodic  

 gcd > 1 → periodic 

Step 4:  Final Classification 

 

Property Meaning 

Irreducible All states communicate 

Reducible Some states disconnected 

Periodic gcd > 1 

Aperiodic gcd = 1 

Recurrent Returns surely 

Transient May never return 

Ergodic Irreducible + recurrent + aperiodic 
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Examples of Irreducible and Ergodic:   

Ex.1) State 1 → State 2  

         State 2 → State 3  

         State 3 → State 1  

 This chain is irreducible because you can reach any state from any other state in a finite 

number of steps.  

For example:  1 → 2, 2 → 3, 3 → 1  

 Here the chain is periodic. If you start in state 1, you can only return to it in 3 steps, 6 steps, 

9 steps, etc.  

Hence, the period is 3.  Since it is periodic, the chain is not ergodic.  

Ex. 2) State 1 ↔ State 2 ↔ State 3  

 This chain is irreducible because you can go from any state to any other state.  

 It is aperiodic because there is no fixed number of steps required to return to any state.  

For example, P(1 → 1) in one step might be non-zero (self-loop), breaking periodicity.  

 All the states are positive recurrent, meaning that you will revisit them eventually on average 

in a finite expected time. Hence, the chain is ergodic.   

Solved Problems:  

1. Three students X, Y and Z are throwing a ball to each other. X always throws the ball to Y 

and Y always throws the ball to Z. But Z just as likely to throw the ball to Y as to X. If Z was 

the first person to throw the ball, find the probability that 

(i) X has the ball 
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(ii) Y has the ball 

(iii) Z has the ball after 4 throws. 

Sol  This is a Markov chain problem. Let the states be ܺ,ܻ,ܼ. 

 X → Y (always)  

Y → Z (always)  

Z → X with probability 1/2 

Z → Y with probability 1/2 ܲ11→ Probability that the ball is thrown from X to X = 0 ܲ12→ Probability that the ball is thrown from X to Y = 1 ܲ13 = 0, ܲ21 = 0, ܲ22 = 0, ܲ23 = 1, ܲ31  = 1/2, ܲ32  = 1/2, ܲ33 = 0 

Step 1:  Transition Matrix 

ܲ =  ൦0 1 0
0 0 1
1
2

1
2

0
൪ 

Step 2:  Compute ࡼ૛  = ࡼ  ⋅  ࡼ

ܲଶ  =  ⎣⎢⎢
⎢⎡0 0 1
1
2

1
2

0

0
1
2

1
2⎦⎥⎥
⎥⎤ 

Step 3:  Compute ࡼ૜  = ૛ࡼ  ⋅  ࡼ
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ܲଷ  =  

⎣⎢⎢
⎢⎢⎡
1
2

1
2

0

0
1
2

1
2

1
4

1
4

1
2⎦⎥⎥
⎥⎥⎤ 

Step 4:  Compute ࡼ૝  = ૜ࡼ  ⋅  ࡼ

ܲସ  =  

⎣⎢⎢
⎢⎢⎡0

1
2

1
2

1
4

1
4

1
2

1
4

1
2

1
4⎦⎥⎥
⎥⎥⎤ 

Step 5:  Multiply with Initial Vector 

Initial state:  

(଴)ߨ  = (ସ)ߨ [1    0    0]   = ସܲ(଴)ߨ   =  (3rd row of ܲସ) ߨ(ସ)  =  ቂଵସ , ଵଶ , ଵସቃ 
After 4 throws:  

 (i) Probability that X has the ball = 1/4 

 (ii) Probability that Y has the ball = 1/2 

 (iii) Probability that Z has the ball = ¼ 

 

(OR) 

This is a Markov chain problem.  

Let the states be ܺ,ܻ,ܼ. 
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Step 1:  Transition Probability Matrix 

From the problem:  

 ܺ → ܻ =  1 

 ܻ → ܼ =  1 

 ܼ → ܺ =  ଵଶ ,  ܼ → ܻ =  ଵଶ 
So the transition matrix ܲ(in order ܺ,ܻ,ܼ) is:  

ܲ =  ൦0 1 0
0 0 1
1
2

1
2

0
൪ 

Step 2:  Initial State Vector 

Since Z starts with the ball, the initial distribution is:  

(଴)ߨ  =  [0    0    1] 

Step 3:  Use Matrix Power Method (ࡼ૝) 

We compute: ߨ(ସ)  =  ସܲ(଴)ߨ 

Instead of directly jumping, compute step-by-step:  

Step 4:  Successive Multiplications 

After 1 throw:  

(ଵ)ߨ  =  [0  0  1]ܲ =  ቂଵଶ , ଵଶ , 0ቃ 
After 2 throws:  

(ଶ)ߨ  = = ܲ(ଵ)ߨ   ቂ0, ଵଶ , ଵଶቃ 
After 3 throws:  
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(ଷ)ߨ  =  ቂଵସ , ଵସ , ଵଶቃ 
After 4 throws:  

(ସ)ߨ  =  ቂଵସ , ଵଶ , ଵସቃ 
After 4 throws:  

 (i) Probability that X has the ball = 1/4 

 (ii) Probability that Y has the ball = 1/2 

 (iii) Probability that Z has the ball = 1/4 

2.  A person owning a scooter has the option to switch over to scooter, bike or a car next time 

with the probability of [0.3 0.5 0.2] . If the transition probability matrix is 

ܲ =  ൥ 0.4 0.3 0.3
0.2 0.5 0.3

0.25 0.25 0.5
൩ 

what are the probabilities of vehicles related to his fourth purchase. 

Sol This is a Markov chain with 3 states:  

 ܵ  = Scooter  

  Bike =  ܤ 

 Car =  ܥ 

Step 1:  Given 

Initial distribution:    ߨ(଴)  =  [0.3    0.5    0.2] 

Transition matrix:  

ܲ =  ൥ 0.4 0.3 0.3
0.2 0.5 0.3

0.25 0.25 0.5
൩ 

We need:  

(ସ)ߨ  =    ସܲ(଴)ߨ 
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Step 2:  Compute step by step (accurately) 

First purchase:   ߨ(ଵ)  =  ܲ(଴)ߨ 

 =  [0.3,0.5,0.2] ൥ 0.4 0.3 0.3
0.2 0.5 0.3

0.25 0.25 0.5
൩ 

 =  (0.27,  0.39,  0.34) 

 

Second purchase:  

(ଶ)ߨ  =  ܲ(ଵ)ߨ 

 =  [0.27,0.39,0.34] ൥ 0.4 0.3 0.3
0.2 0.5 0.3

0.25 0.25 0.5
൩  

= (0.27(0.4) + 0.39(0.2) + 0.34(0.25),  0.27(0.3) + 0.39(0.5)

+ 0.34(0.25),  0.27(0.3) + 0.39(0.3) + 0.34(0.5)) 

 =  (0.271,  0.361,  0.368) 

Third purchase:  

(ଷ)ߨ  =   ܲ(ଶ)ߨ 

=  (0.271,  0.361,  0.368) ൥ 0.4 0.3 0.3
0.2 0.5 0.3

0.25 0.25 0.5
൩ 

 =  (0.2726,  0.3538,  0.3736) 

 

Fourth purchase:  

(ସ)ߨ  =  ܲ(ଷ)ߨ 

 =  [0.26945,0.37615,0.3544] ൥ 0.4 0.3 0.3
0.2 0.5 0.3

0.25 0.25 0.5
൩ 

= (0.2726(0.4) + 0.3538(0.2) + 0.3736(0.25),  0.2726(0.3) + 0.3538(0.5)

+ 0.3736(0.25),  0.2726(0.3) + 0.3538(0.3) + 0.3736(0.5)) 
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 =  (0.2732,  0.3521,  0.3747) 

After the 4th purchase:          

 Scooter = 0.273  

 Bike = 0.352  

 Car = 0.375  

3. Consider a Markov Process with state space   = { 0,1,2}  and transition matrix  

ܲ =  ⎣⎢⎢
⎢⎡ ܽ ܾ 0

1
2

0
1
2ܽ − 1

2
7

10
1
5⎦⎥⎥
⎥⎤ 

(i) What can you say about the values of p & q? 

(ii) Calculate the transition probability Pij(ଷ) 

Sol  Step 1:  Given Transition Matrix 

ܲ =  ⎣⎢⎢
⎢⎡ ܽ ܾ 0

1
2

0
1
2ܽ − 1

2
7

10
1
5⎦⎥⎥
⎥⎤ 

 

(i) Find values of ܽ and ܾ 

Property of Transition Matrix:   Each row must sum to 1 

Row 1:  ܽ + ܾ + 0 =  1 ⇒ ܽ + ܾ =  1 … … … (1) 

Row 3:  From the third row if we sum, all the elements it should be equal to 1 
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ቀܽ− ଵଶቁ +
7

10
+

1
5

 =  1 

ܽ − 1
2

+
9

10
 =  1 

So:  

ܽ +
2
5

 =  1 ⇒ ܽ =  
3
5

 

Now from (1):  

ܾ =  1 − ܽ =  1 − 3
5

 =  
2
5

 

Final values:       ܽ =  ଷହ    ܾ =  ଶହ 

Step 2:  Updated Transition Matrix 

ܲ =  

⎣⎢⎢
⎢⎢⎡

3
5

2
5

0

1
2

0
1
2

1
10

7
10

1
5⎦⎥⎥
⎥⎥⎤ 

 

 

Step 2:  Compute ࡼ૛  = ࡼ  ⋅  ࡼ

ܲଶ  =  

⎣⎢⎢
⎢⎢⎡
14
25

6
25

1
5

7
20

11
20

1
10

21
50

9
50

39
100⎦⎥⎥

⎥⎥⎤ 
Step 3:  Compute ࡼ૜  = ૛ࡼ  ⋅  ࡼ
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ܲଷ  =  

⎣⎢⎢
⎢⎢⎡

119
250

91
250

4
25

11
50

21
100

59
200

381
1000

441
1000

84
500⎦⎥⎥

⎥⎥⎤ 
ܲଷ ≈ ൥0.476 0.364 0.160

0.220 0.210 0.295
0.381 0.441 0.168

൩ 
4. The transition probability matrix of a Markov chain is given by 

ܲ =  ൥0.4 0.6 0
0.2 0.3 0.5
0 0.3 0.7

൩ 
 Is this matrix irreducible? 

Sol Given the transition matrix is  

ܲ =  ൥0.4 0.6 0
0.2 0.3 0.5
0 0.3 0.7

൩ 
A Markov chain is irreducible if:  

 Every state can be reached from every other state (possibly in multiple steps). 

Let states be:  1,2,3 

From State 1:  

 1 → 2 directly   

 1 → 3:  
1 → 2 → 3  

From State 2:  

 2 → 1directly   

 2 → 3directly  
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From State 3:  

 3 → 2directly   

 3 → 1:  
3 → 2 → 1  

Conclusion 

Every state communicates with every other state. ݁ܿ݊݁ܪ The Markov chain is irreducible 

 

5. Consider the transition probability matrix ܲ =  ൥ 0 0.8 0.2
0.3 0.7 0
0.4 0.5 0.1

൩. Classify the Markov chain. 

Sol Step 1:  Check Absorbing States 

A state is absorbing if diagonal entry is 1. 

Diagonal entries are:  ଵܲଵ  =  0, ଶܲଶ  =  0.7, ଷܲଷ  =  0.1 

No diagonal entry equals 1. 

Hence, there is no absorbing state. 

Step 2:  Check Communication 

 State 1 can reach State 2 and State 3.  

 State 2 can reach State 1.  

 State 3 can reach State 1 and State 2.  

Hence every state communicates with every other state. 

Therefore, the chain is irreducible. 
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Step 3:  Check Periodicity 

Since self-loops are present:  ଶܲଶ > 0, ଷܲଷ > 0. Returns are possible in 1 step. 

Hence, ݀ଵ  =  ݀ଶ  =  ݀ଷ  =  1. Therefore, all states are aperiodic. 

Step 4:  Recurrence 

All communicating states in a finite irreducible chain are recurrent. 

Hence all states are recurrent. 

Final Classification 

 Irreducible  

 Recurrent  

 Aperiodic  

Therefore, the Markov chain is Ergodic. 

6. Consider the TPM ܲ =  ቎0 1 0ଵଶ 0 ଵଶ
0 1 0

቏. Classify the chain. 

Sol 

Step 1:  Communication 

Each state can reach every other state. Hence the chain is irreducible. 

Step 2:  Find Period 

For each state, returns occur only in even number of steps:  2,4,6, … 

Thus,  =  gcd (2,4,6, …  )  =  2.  
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Hence all states are periodic with period 2. 

Step 3:  Aperiodicity 

Since period is not 1, the chain is not aperiodic. 

 

Final Classification 

 Irreducible  

 Recurrent  

 Periodic  

Therefore, the chain is not ergodic. 

7. Three boys ܥ,ܤ,ܣthrow a ball among themselves as follows:  ܣ always throws to ܤ ,ܤ always 

throws to ܥ and ܥ throws to ܣ or ܤ with equal probability. Construct the TPM and classify 

the chain. 

Sol 

From the given data the TPM is  

ܲ =  ൦0 1 0
0 0 1
1
2

1
2

0
൪ 

Step 1:  Communication 

ܣ  →  ܤ

ܤ  →  ܥ

ܥ  →  ܣ
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Thus every state communicates with every other state. 

Hence the chain is irreducible. 

Step 2:  Periodicity 

Possible return lengths include:  2,3,4,5, … 

Therefore, ݀ =  gcd (2,3,4,5, …  )  =  1 

Hence all states are aperiodic. 

Step 3:  Recurrence 

Finite irreducible chains are recurrent. 

Thus all states are recurrent. 

Final Classification 

 Irreducible  

 Recurrent  

 Aperiodic  

Therefore, the chain is Ergodic and Regular. 

8. A fair die is tossed repeatedly. If ܺ௡denotes the maximum number occurring in the first ݊ 

tosses, find the TPM. Also find ܲ(ܺଶ = 6). 

States: 1,2,3,4,5,6 
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ܲ =

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎡1
6

1
6

1
6

1
6

1
6

1
6

0
2
6

1
6

1
6

1
6

1
6

0 0
3
6

1
6

1
6

1
6

0 0 0
4
6

1
6

1
6

0 0 0 0
5
6

1
6

0 0 0 0 0
6
6⎦⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎤
 

 

Also, 

ܲଶ =
1

36 ⎣⎢⎢
⎢⎢⎡1 3 5 7 9 11
0 4 5 7 9 11
0 0 9 7 9 11
0 0 0 16 9 11
0 0 0 0 25 11
0 0 0 0 0 36⎦⎥⎥

⎥⎥⎤ 
ܲ(ܺଶ = 6) = ෍ܲ(

଺
௜ୀଵ ܺଶ = 6 ∣ ܺ଴ = ݅)ܲ(ܺ଴ = ݅) 

=
1

36
(11+11+11+11+11+36) =

91
216

 

9) An urn initially contains 5 black balls and 5 white balls. A ball is drawn from the urn 

repeatedly. 

 If the ball drawn is white, it is put back into the urn.  

 Otherwise, it is left out.  

Let ܺ௡be the number of black balls remaining after the ݊௧௛draw. 

(i) Show that ܺ௡is a Markov process,  (ii) Find the tpm   
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(iii) Find the transition probabilities        (iv) Find ܲଶ (v) Show that ܺ௡ → 0as ݊ → ∞ 

Sol 

(i) Since the number of black balls remaining at stage ݊ + 1depends only on the number of 

black balls remaining at stage ݊, and not on earlier values, {ܺ௡}is a Markov chain. 

(ii) States: 0,1,2,3,4,5 

ܲ =

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎡
1 0 0 0 0 0
1
6

5
6

0 0 0 0

0
2
7

5
7

0 0 0

0 0
3
8

5
8

0 0

0 0 0
4
9

5
9

0

0 0 0 0
5

10
5

10⎦⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎤
 

(iii) The non-zero transition probabilities are: 

ܲ(ܺ௡ = 0 ∣ ܺ௡ିଵ = 0) = 1 ܲ(ܺ௡ = 0 ∣ ܺ௡ିଵ = 1) =
1
6

,ܲ(ܺ௡ = 1 ∣ ܺ௡ିଵ = 1) =
5
6

 

ܲ(ܺ௡ = 1 ∣ ܺ௡ିଵ = 2) =
2
7

,ܲ(ܺ௡ = 2 ∣ ܺ௡ିଵ = 2) =
5
7

 

ܲ(ܺ௡ = 2 ∣ ܺ௡ିଵ = 3) =
3
8

,ܲ(ܺ௡ = 3 ∣ ܺ௡ିଵ = 3) =
5
8

 

ܲ(ܺ௡ = 3 ∣ ܺ௡ିଵ = 4) =
4
9

,ܲ(ܺ௡ = 4 ∣ ܺ௡ିଵ = 4) =
5
9

 

ܲ(ܺ௡ = 4 ∣ ܺ௡ିଵ = 5) =
5

10
,ܲ(ܺ௡ = 5 ∣ ܺ௡ିଵ = 5) =

5
10

 

All remaining probabilities are zero. 

(iv) Given 
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ܲ =

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎡
1 0 0 0 0 0
1
6

5
6

0 0 0 0

0
2
7

5
7

0 0 0

0 0
3
8

5
8

0 0

0 0 0
4
9

5
9

0

0 0 0 0
5

10
5

10⎦⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎤
 

ܲଶ = ܲ.ܲ =

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎡
1 0 0 0 0 0
1
6

5
6

0 0 0 0

0
2
7

5
7

0 0 0

0 0
3
8

5
8

0 0

0 0 0
4
9

5
9

0

0 0 0 0
1
2

1
2⎦⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎤

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎡
1 0 0 0 0 0
1
6

5
6

0 0 0 0

0
2
7

5
7

0 0 0

0 0
3
8

5
8

0 0

0 0 0
4
9

5
9

0

0 0 0 0
1
2

1
2⎦⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎤
 

=

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎡

1 0 0 0 0 0
11
36

25
36

0 0 0 0

1
21

20
42

25
49

0 0 0

0
3

28
15
56

+
15
64

25
64

0 0

0 0
1
6

20
72

+
20
81

25
81

0

0 0 0
2
9

5
18

+
1
4

1
4⎦⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎤
 

 

and then simplifying, 
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ܲଶ =

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎡

1 0 0 0 0 0
11
36

25
36

0 0 0 0

1
21

10
21

25
49

0 0 0

0
3

28
165
448

25
64

0 0

0 0
1
6

85
162

25
81

0

0 0 0
2
9

19
36

1
4⎦⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎤
 

(v) As ݊ → ∞, all black balls are eventually removed. 

Hence, lim ௡→ஶܺ௡ = 0 

and 

ܲஶ = ⎣⎢⎢
⎢⎢⎡1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0⎦⎥⎥

⎥⎥⎤ 
10) A gambler has ₹3. He bets ₹1 at a time and wins ₹1 with probability 1/2. He stops 

playing if he loses all money or wins enough to reach ₹6. Find: 

i. TPM of the Markov chain.  

ii. Probability that he has lost all his money at the end of 5 plays.  

iii. Probability that the game lasts more than 7 plays.  

Sol (i) States 0,1,2,3,4,5,6 

where 0 and 6 are absorbing states. 

TPM 
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ܲ =

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎡
1 0 0 0 0 0 0
1
2

0
1
2

0 0 0 0

0
1
2

0
1
2

0 0 0

0 0
1
2

0
1
2

0 0

0 0 0
1
2

0
1
2

0

0 0 0 0
1
2

0
1
2

0 0 0 0 0 0 1⎦⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎤
 

(ii) Probability that he loses all money after 5 plays 

ܲ(଴) = (0    0    0    1    0    0    0) ܲ(ଵ) = ܲ(଴)ܲ = ൬0    0    
1
2

    0    
1
2

    0    0൰ ܲ(ଶ) = ܲ(ଵ)ܲ 

= ൬0    0    
1
2

    0    
1
2

    0    0൰
⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎡
1 0 0 0 0 0 0
1
2

0
1
2

0 0 0 0

0
1
2

0
1
2

0 0 0

0 0
1
2

0
1
2

0 0

0 0 0
1
2

0
1
2

0

0 0 0 0
1
2

0
1
2

0 0 0 0 0 0 1⎦⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎤
 

= ൬0,
1
4

, 0,
1
2

, 0,
1
4

, 0൰ 

similarly ܲ(ଷ) = (
1
8

, 0,
3
8

, 0,
3
8

, 0,
1
8

) 

ܲ(ସ) = (
1
8

,
3

16
, 0,

3
8

, 0,
3

16
,
1
8

) ܲ(ହ) = ቀ ଻ଷଶ , 0, ଽଷଶ , 0, ଽଷଶ , 0, ଻ଷଶቁ 
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 Therefore, ܲ(ܺହ = 0) = ଻ଷଶ 
Hence, ܲ(ruin after 5 plays) = ଻ଷଶ 
(iii) Probability that the game lasts more than 7 plays 

Starting from 

ܲ(ହ) = ቀଷ଼ , ହଷଶ , 0, ଽଷଶ , 0, ଵଷଶ , ଵଵ଺ቁ 

Calculate ܲ(଺) 

ܲ(଺) = ቀ ଻ଷଶ , ଽ଺ସ , 0, ଽଷଶ , 0, ଽ଺ସ , ଻ଷଶቁ ܲ(଻) = ቀ ଷ଻ଵଶ଼ , 0, ଶ଻ଵଶ଼ , 0, ଶ଻ଵଶ଼ , 0, ଷ଻ଵଶ଼ቁ 

Therefore, 

ܲ(game lasts more than 7 plays) 

= ܲ(ܺ଻ = 1) + ܲ(ܺ଻ = 2) + ܲ(ܺ଻ = 3) + ܲ(ܺ଻ = 4)  + ܲ(ܺ଻ = 5) 

= 0 +
27

128
+ 0 +

27
128

+ 0 

=
54

128
=

27
64

 

11) Find ݕ,ݔ, if ൦0 ݖ ݔ ଵଷ
0 0 ଵଷݕ ଵସ  .൪ is stochasticݖ

Sol 

ݔ +
1
3

= ݔ 1 =
2
3

ݕ  = 1 
1
3

+
1
4

+ ݖ = 1 
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ݖ = 1 − 7
12

=
5

12
 

So ݔ = ଶଷ ݕ  , = ݖ  ,1 = ହଵଶ 
12) Find ݕ,ݔ, if ൥ ݖ 0 0.2 ݔݔ 0.1 ݕ

0.1 0.2  .൩ is stochasticݖ

Sol 

x + 0.2 = 1 

x = 0.8 

x + 0.1 + y = 1 

0.8 + 0.1 + y = 1 

y = 0.1 

0.1 + 0.2 + z = 1 

z = 0.7 

So x = 0.8,  y = 0.1,  z = 0.7 

113) An alumni office of a college finds on review that 80% of its students who contribute 

to annual fund one year will also contribute next year and 30% of those who do not 

contribute one year will contribute next year. Construct TPM. 

Sol 

Let State 0 as Contribute and State 1 as Not contribute 

P(0 → 0) = 0.8 

P(0 → 1) = 0.2 

P(1 → 0) = 0.3 

P(1 → 1) = 0.7 

Hence P = ቂ0.8 0.2
0.3 0.7ቃ 
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114) Suppose the probability of a dry day (state 0) follows a rainy day (state 1) is 1/3and the 

probability of a rainy day follows a dry day is 1/2. Find the probability that March 3rd 

and March 5th are dry days given March 1st is dry. 

Sol 

P = ൤1/2 1/2
1/3 2/3൨ 

Pଶ = ൤5/12 7/12
7/18 11/18൨ 

March 3rd dry day: 

(Pଶ)଴଴ =  
5

12
 

Pସ = ൤413/648 235/648
235/648 413/648൨ 

March 5th dry day: 

(Pସ)଴଴ =  
413
648

 

15) A raining process is considered as a two-state Markov chain. If it rains, state is 0 and 

if it does not rain, state is 1. TPM is given by P = ቂ0.6 0.4
0.2 0.8ቃ. 

Find probability that it will rain for 3 days from today assuming that it is raining today. 

Sol 

Pଶ = ቂ0.44 0.56
0.28 0.72ቃ 

Pଷ = ቂ0.376 0.624
0.312 0.688ቃ 

0.6 × 0.44 × 0.376 = 0.099264 

So, probability that it will rain for 3 days from today assuming that it is raining today is 

0.099264 
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16) Consider the Markov chain P = ൥3/4 1/4 0
1/4 1/2 1/4

0 3/4 1/4
൩ 

Find P଴ଵ(ଶ)and P(Xଶ = 1, X଴ = 0). 

Sol 

Pଶ = ൥ 5/8 5/16 1/16
5/16 1/2 3/16
3/16 9/16 1/4

൩ 
P଴ଵ(ଶ) =

5
16

 

Given   P(X଴ = i) = ଵଷ , i = 0,1,2 

P(Xଶ = 1, X଴ = 0) = P(Xଶ = 1 ∣ X଴ = 0) P(X଴ = 0) 

=
5

16
×

1
3

=
5

48
 

117) TPM of a Markov chain having 3 states P = ൥0.1 0.5 0.4
0.6 0.2 0.2
0.3 0.4 0.3

൩ and p(଴) = (0.7,0.2,0.1) 

(i) Find P(Xଶ = 3), (ii) Find P(Xଷ = 2, Xଶ = 3, Xଵ = 3, X଴ = 2) 

Sol 

(i) 

Pଶ = ൥0.43 0.31 0.26
0.24 0.42 0.34
0.36 0.35 0.29

൩ 
P(Xଶ = 3) = ෍P(

ଷ
୧ୀଵ Xଶ = 3 ∣ X଴ = i)P(X଴ = i) 

= (0.26)(0.7) + (0.34)(0.2) + (0.29)(0.1) 

= 0.279 
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((ii) ܲ(ܺଷ = 2,  ܺଶ = 3,   ଵܺ = 3,  ܺ଴ = 2) ܲ(ܺଵ = 3,  ܺ଴ = 2) = ܲ( ଵܺ = 3 ∣ ܺ଴ = 2) ܲ(ܺ଴ = 2) 

= (0.2)(0.2) = 0.04 ܲ(ܺଶ = 3,   ଵܺ = 3,  ܺ଴ = 2) = ܲ(ܺଶ = 3 ∣ ܺଵ = 3,  ܺ଴ = 2) ܲ( ଵܺ = 3,  ܺ଴ = 2) 

= (0.3)(0.04) = 12 × 10ିଷ = 0.012 ܲ(ܺଷ = 2,  ܺଶ = 3,   ଵܺ = 3,  ܺ଴ = 2) = ܲ(ܺଷ = 2 ∣ ܺଶ = 3,   ଵܺ = 3,  ܺ଴ = 2) 

× ܲ(ܺଶ = 3,   ଵܺ = 3,  ܺ଴ = 2) 

= (0.4)(0.012) = 48 × 10ିସ = 0.0048 

So ܲ(ܺଷ = 2,  ܺଶ = 3,   ଵܺ = 3,  ܺ଴ = 2) = 0.0048 

Exercise:  

Classify the following Markov chain (1 to 10) with TPM 

1. ܲ =  ቂ0.5 0.5
0.4 0.6ቃ   2. ܲ =  ቂ0 1

1 0ቃ  3. ܲ =  ൥ 1 0 0
0.3 0.4 0.3
0 0.5 0.5

൩  
 4. ܲ =  ൥0.2 0.8 0

0.5 0.1 0.4
0.3 0.3 0.4

൩ 5. ܲ =  ൥0 1 0
0 0 1
1 0 0

൩  6. ܲ =  ቂ0.6 0.4
0.2 0.8ቃ 7. ܲ =  ቎0 1 0ଵଶ 0 ଵଶ

0 1 0
቏    

    8. ܲ =  ൥0.7 0.3 0
0.2 0.5 0.3
0.1 0.4 0.5

൩  9. ܲ =  ቂ 1 0
0.5 0.5ቃ 10. ܲ =  ൥ 0 0.5 0.5

0.5 0 0.5
0.5 0.5 0

൩ 
11. Consider the Markov chain with TPM ܲ = ൥0.2 0.5 0.3

0.4 0.3 0.3
0.1 0.6 0.3

൩ and initial probabilities     ܲ(ܺ଴ = 1) = 0.3,ܲ(ܺ଴ = 2) = 0.4,ܲ(ܺ଴ = 3) = 0.3. 

Find ܲ(ܺଷ = 1,  ܺଶ = 2,   ଵܺ = 3,  ܺ଴ = 2). 

12. Consider the Markov chain with TPM ܲ = ൥0.3 0.4 0.3
0.2 0.5 0.3
0.4 0.1 0.5

൩ and initial probabilities    ܲ(ܺ଴ = 1) = 0.2,ܲ(ܺ଴ = 2) = 0.5,ܲ(ܺ଴ = 3) = 0.3. 
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Find ܲ(ܺଷ = 3,  ܺଶ = 1,   ଵܺ = 2,  ܺ଴ = 3). 

Answers:  

1. Irreducible, Aperiodic, Recurrent, Ergodic. 

2. Irreducible, Periodic with period 2, Recurrent, Not Ergodic 

3. State 1 is absorbing, Reducible, Not Ergodic 

4. Irreducible, Aperiodic, Recurrent, Ergodic 

5. Irreducible, Periodic with period 3, Recurrent, Not Ergodic 

6. Irreducible, Aperiodic, Recurrent, Ergodic 

7. Irreducible, Periodic with period 2, Recurrent, Not Ergodic 

8. Irreducible, Aperiodic, Recurrent, Ergodic 

9. State 1 is absorbing, Reducible, Not Ergodic 

10. Irreducible, Aperiodic, Recurrent, Ergodic 

11. ܲ(ܺଷ = 1,  ܺଶ = 2,  ܺଵ = 3,  ܺ଴ = 2) = 0.0288 

12. ܲ(ܺଷ = 3,  ܺଶ = 1,  ܺଵ = 2,  ܺ଴ = 3) =  0.0018 

Probabilities Of Gambler Ruin:  

 A gambler starts with capital ݔ 

 Total capital available is ݇ 

 At each step:   

o Wins with probability ݌→ capital becomes ݔ + 1 

o Loses with probability ݍ =  1 − ݔ capital becomes →݌ − 1 
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Define:  ݍ௫  =  Probability of ruin starting from ݔ 

Step 1:  Recurrence Relation 

From one-step analysis:  ݍ௫  = ௫ାଵݍ݌  + ,௫ିଵݍݍ 1 ≤ ݔ ≤ ݇ − 1 

Boundary conditions:  ݍ଴  =  1, ௞ݍ  =  0 

 

 

Case 1:  Biased Case (࢖ ≠  (ࢗ

General Sol  

௫ݍ  = ܣ  + ܤ ൬݌ݍ൰௫  

Using boundary conditions:  

Final result:  

௫ݍ  =  
ቀ௤௣ቁ௫ − ቀ௤௣ቁ௞

1 − ቀ௤௣ቁ௞  

Probability of Winning:  ݌௫  =  1 −  ௫ݍ

Case 2:  Unbiased Case (࢖ = = ࢗ   ૚૛) 

Then equation becomes:  
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௫ݍ2  = ௫ାଵݍ  +  ௫ିଵݍ

Sol is linear:  ݍ௫  = ݔܣ  +  ܤ

Using boundary conditions:  

௫ݍ  =  
ܽ − ܽݔ  

Winning Probability:  

௫݌  =  
ݔܽ

 

  :܍ܕ܉۵ ܍ܐܜ ܎ܗ ܖܗܑܜ܉ܚܝ۲ ܌܍ܜ܋܍ܘܠ۳

Case I (Biased Case):  (݌ ≠    (ݍ

Let ݀௫ denote the expected duration of the game. If the gambler wins in the first trial, then the 

expected total duration would be (1+݀௫ାଵ). If he loses then the expected duration will be 

(1+݀௫ିଵ). 

The difference equation will be ݀௫  = 1)݌  + ݀௫ାଵ) + 1)ݍ + ݀௫ିଵ) ⇒ ݀௫  =  1 + ௫ାଵ݀݌ + .௫ିଵ݀ݍ ..                                        

We take the boundary conditions as ݀଴  =  0,݀௞  =  0for ݔ =  1 and ݔ =  ݇ − 1. ..                       

On Solving we get 

݀௫  =  
ݍ݇ − ݌ ⋅ 1 − ቀ௤௣ቁ௫ቀ௤௣ቁ௞ − 1

+
ݍݔ −  ݌
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Case II (Unbiased Case):  ࢖ = = ࢗ   ૚૛ ݀௫  = ܽ)ݔ  −                                                                               (ݔ

With initial stakes ݔ and ܽ − the expected duration is ݀௫ ,ݔ  = ܽ)ݔ  −  (ݔ

 

If the initial stakes are doubled to 2ݔ, 2(ܽ − then ݀ଶ௫ ,(ݔ  = 2ܽ)ݔ2  − (ݔ2  = ܽ)ݔ4  − (ݔ  =  4݀௫ 

Thus, expected duration becomes 4 times the original when stakes are doubled. 

Solved Problems 

1. Let ݌ =  ଵଶ , = ݍ  ଵଶ , = ݔ  600,݇ =  1000 

Find expected duration. 

Sol ݔ = ܽ)ݔ  − (ݔ  =  600(400)  =  240000 

2. Calculate probability of ruin and expected duration of the game:  

(i) ݇ =  100, = ݔ = ݌,10   0.7 

(ii) ݇ =  50, = ݔ  30, = ݌  0.5 

Sol  

For (i):  Given:  

 ݇ = = ݔ ,100  = ݌ ,10  = ݍ ,0.7   0.3 

 Since ݌ ≠   use biased case formulas ,ݍ
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Step 1:  Probability of Ruin 

Formula:  

௫ݍ  =  
௫(݌/ݍ) − ௞(݌/ݍ)

1 − ௞(݌/ݍ) ݌ݍ   =  
0.3
0.7

 =  0.428571 

 

Now, 

( 0.428571)ଵ଴ ≈ 0.000214  

(0.428571)ଵ଴଴ ≈ 0  (very small, negligible) 

So, 

௫ݍ ≈ 0.000214 − 0
1 − 0

 =  0.000214 

Probability of Ruin:  

ଵ଴ݍ ≈ 0.000214  

Step 2:  Expected Duration 

Formula:  

݀௫  =  
ݍݔ − ݌ − ݍ݇ − ݌ ⋅ 1 − ௫(݌/ݍ)

1 − ݍ ௞(݌/ݍ) − = ݌  0.3 − 0.7 =  −0.4 ݀௫  =  
10−0.4

− 100−0.4
(1 − 0.000214) 

 =  −25 + 250(0.999786) 

 =  −25 + 249.9465 

 =  224.9465 
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Expected Duration:  

݀ଵ଴ ≈ 224.95 steps = ݌   0.6, = ݍ  0.4,
݌ݍ  =  

2
3

 

For (ii):  ݌ = = ݍ   ଵଶ    
ଷ଴ݍ  =  

݇ − ݇ݔ  =  
50 − 30

50
 =  0.4 

dଷ଴  =  x(a − x)  =  30(50 − 30)  =  600 

Expected Duration:  

݀ଷ଴  =  600 steps  

3. A gambler starts with ݔ =  3 units in a game where the total amount is ݇ =  10. The 

probability of winning is ݌ =  0.4. Find the probability of ruin and expected duration of 

the game. 

Sol  Given ݔ =  3, ݇ = = ݌ ,10   0.4, = ݍ  0.6 

The probability of ruin when starting with ݔunits is 

௫ݍ  =  
ቀ௤௣ቁ௫ − ቀ௤௣ቁ௞

1 − ቀ௤௣ቁ௞  

 =  
(1.5)ଷ − (1.5)ଵ଴

1 − (1.5)ଵ଴   =  0.9581 

Expected Duration 

݀௫  =  
ݍݔ − ݌ − ݍ݇ − ݌ ⋅ 1 − ቀ௤௣ቁ௫

1 − ቀ௤௣ቁ௞ 
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ݍ − = ݌  0.6 − 0.4 =  0.2 

Substituting values:  

݀ଷ  =  
3

0.2
− 10

0.2
൬ 1 − 3.375

1 − 57.665
൰ 

 =  15 − 50 ൬ −2.375−56.665
൰ 

 =  15 − 50(0.0419) 

 =  15 − 2.095 

 =  12.905 

4. A gambler starts with ݔ =  2 units and the total amount is ݇ =  8. The probability of 

winning is ݌ =  0.3. Find the probability of ruin and expected duration. 

 

Sol  Given:  ݇ =  8, = ݔ = ݌,2   0.3, = ݍ  0.7 

Since ݌ ≠  .use biased case formulas ,ݍ

Probability of Ruin  ݍ௫  =  
ቀ೜೛ቁೣିቀ೜೛ቁೖଵିቀ೜೛ቁೖ  

݌ݍ  =  
0.7
0.3

 =  
7
3
≈ 2.3333 

Now, 

൬7
3
൰ଶ  =  

49
9
≈ 5.444 

൬7
3
൰଼ ≈ 898.15 

So, 

௫ݍ  =  
5.444 − 898.15

1 − 898.15
 

 =  
−892.706−897.15

≈ 0.995 
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Expected Duration 

݀௫  =  
ݍݔ − ݌ − ݍ݇ − ݌ ⋅ 1 − ቀ௤௣ቁ௫

1 − ቀ௤௣ቁ௞ 

ݍ − = ݌  0.7 − 0.3 =  0.4 

Substituting values:  

݀௫  =  
2

0.4
− 8

0.4
൬ 1 − 5.444

1 − 898.15
൰ 

 =  5 − 20 ൬ −4.444−897.15
൰ 

 =  5 − 20(0.00495) 

 =  5 − 0.099 

 =  4.901 

5. A gambler starts with ݔ =  4 units and the total amount is ݇ =  12. The probability of 

winning is ݌ =  0.5. Find the probability of ruin and expected duration. 

Sol  Given ݇ =  12, = ݔ = ݌,4   0.5, = ݍ  0.5 

Since ݌ = = ݍ   ଵଶ, use fair game formulas. 

Probability of Ruin 

௫ݍ  =  
݇ − ݇ݔ  

ସݍ  =  
12 − 4

12
  =  

8
12

 

 =  
2
3
≈ 0.667 



 

275 | P r o b a b i l i t y  T h e o r y ,  S t a t i s t i c a l  I n f e r e n c e ,  a n d  S t o c h a s t i c  P r o c e s s e s  

Expected Duration ݀௫  = ݇)ݔ  − ସ݀ (ݔ  =  4(12 − 4)  =  4(8)  =  32 

6. A gambler starts with ݔ =  5 units and the total amount is ݇ =  15. The probability of 

winning is ݌ =  0.5. Find the probability of ruin and expected duration. 

Sol  Given ݇ =  15, = ݔ = ݌,5   0.5, = ݍ  0.5 

Probability of Ruin 

௫ݍ  =  
݇ − ݇ݔ  

ହݍ  =  
15 − 5

15
 =  

10
15

 

 =  
2
3
≈ 0.667 

Expected Duration ݀௫  = ݇)ݔ  − ହ݀ (ݔ  =  5(15 − 5)  =  5(10)  =  50 

 

Exercise:  

1. A gambler starts with ݔ =  3 and total amount ݇ =  9. The probability of wining is  ݌ =  0.45. Find the probability of ruin and expected duration. 

2. A gambler starts with ݔ =  4 and total amount ݇ =  11. The probability of wining is  ݌ =  0.35. Find the probability of ruin and expected duration. 

3. A gambler starts with ݔ =  2 and total amount ݇ =  10. The probability of wining is 
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= ݌   0.5. Find the probability of ruin and expected duration. 

4. A gambler starts with ݔ =  6 and total amount ݇ =  14. The probability of wining is 

= ݌   0.5. Find the probability of ruin and expected duration. 

 

Answers:  

௭ݍ .1  =  0.8376, ݀௭  = ௭ݍ .2  .15.39   =  0.9897,݀௭  =  12.89    

௭ݍ .3  =  0.8,݀௭  = ௭ݍ .4   .16   =  ସ଻ ,݀௭  =  48. 
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